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PREFACE TO FIRST EDITION 



HrPERBOLiC functions have numerous, well recognized uses 
in applied science, particularly in the theory of charts (Mercator's 
projection), and in mechanics (strains). But it is only within 
recent years that their applications to electrical engineering 
have become evident. Wherever a line, or series of lines, of 
uniform linear constants is met with, an immediate field of 
usefulness for hyperbolic functions presents itself, particularly 
in high-frequency alternating-current lines. 

The following pages are intended to cover the scope and 
purport of five lectures given for the University of London, at 
The Institution of Electrical Engineers, Victoria Embankment, 
by kind permission of the Council, May 29 to June 2, 1911, 
bearing the same title as this book. 

The central ideas around which those lectures, and this 
presentation, have been framed are — 
^^'(1) That the engineering quantitative theories of continuous- 
Hbrrents and of alternating-currents are essentially one and the 
same ; all continuous-current formulas for voltage, current, 
resistance, power and energy being applicable to alternating- 
current circuits, when complex numbers are substituted for real 
numbers. Thus there appears to be only one continuous-current 
formula in this book (277) which is uninterpretable vectorially 
in alternating-current terms ; namely, as shown in Appendix J, 
that which deals with the mechanical forces developed in a 
telegi-aph receiving instrument, such forces being essentially 
"real" and not complex quantities, 

(2) That there is a proper analogy between circular and 
hyperbolic trigonometry, which permits of the extension of the 
notion of an " angle " from the circular to the hyperbolic sector. 
I conception of the " hyperbolic angle " of a continuous- 
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cuiTent line is useful and illuminating, leading immediatelyj 
in two-dimensional arithmetic, to an easy comprehi 
alternating-current lines. 

The subject, which ia very large, very useful, and very 
beautiful, is only outlined in the following pages. There an 
many directions in which accurate and painstaking research ii 
needed, in tlie laboratory, the fectory, and the field. Fortunaf ely 
there are already a number of workers in this field, and good 
progress is, therefore, to be looked for. It is 
that this book may serve as an additional incentive to such 
research. 

The author desires to acknowledge his indebtedness to the 
writings of Heaviside, Kelvin, J. A. Fleming, C. P. Steinmctz, 
and many othera. A necessarily imperfect bibliography of the 
subject, in order of date, is offered in an Appendix. He is also 
indebted to the Engineering Departments of the British Post 
Office, the National Telephone Company and Mr. B. S. Cohen, 
the Eastern Telegraph Conipany and Mr. Walter Judd, also the 
American Telegraph and Telephone Company and Dr. F. B. 
Jewett, for data and information ; likewise to Mr. Robert Heme, 
Superintendent of the Commercial Cable Company, in Rockport, 
Massachusetts, for kind assistance in obtaining measured cable 
signals. He also has to thank Professor John Perry, Professor 
Silvanus P. Thompson, and Mr. W. Duddell for valued sug- 
gestions. In particular, he is indebted to the great help and 
courtesy of Dr. B. Mulliiieux Walmstey, in the presentation of 
the lectures, and in the publication of this volume. 

Although care has been taken to secure accuracy in the 
mathematics, yet errors, by oversight, may have crept in. If 
any should be detected by the reader, the author will be grateful 
for criticisms or suggestions. 



A. E, K. 



Cambridge, Mass. { (/.iS-A.), 
Vecemier 1911. 




PREFACE TO SECOND EDITION 

Now that fairly extensive Tables, and curve-sheet cLarta for 
their rapid interpolation, have been sent to press," it may be said 
that hyperbolic functions applied to alternating-current circuits 
have risen from the stage of theory outlined in the first edition 
of this bonk, to a stage of practical utility; because problems 
which would bake hours of labor to solve by other methods, may 
be solved in a few minutes by the use of the hyperbohc Tables 
and curve sheets. In fact, with the atlas opeii at the proper 
chart, any complex hyperbolic function can be read off within a 
few seconds of time, ordinarily, to at least such a degree 
of precision as is offered by a good 25-centimeter slide rule. 
Consequently, hyperbolic trigonometry becomes a practical 
engineering tool of great swiftness and power, in dealing with 
alternating- current circuits having both series impedance and 
shunt admittance. 

Since the publication of the first edition, a considerable number 
of tests, made in the laboratory, on alternating-current artificial 
lines, at variuus frequencies up to 1000 cycles per second, have 
demonstrated the practical serviceability of the hyperbolic 
analytical methods presented to the reader. No intimation has 
been received by the author as to inaccuracies in the original 
text, which had to be proof-read from across the Atlantic Ocean. 
A few typographical errors have, however, been eliminated from 
the text in this edition, a few additional formulas offered, and 
two new appendices added. The moat important addition is the 
proposition that on any and every uniform section of line AB, 
in the steady single- frequency state, there exists a hyperbolic 
angle 6 subtended by the section, and also definite hyperbolic 

• Eibliograpliy, 92 and 93. 
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position-augles 5^ and b^ at the terminals, which depend upon 
the power delivery, and which differ by 0, The potential at any 
point P of the line is always directly proportional to the sine, 
and the current to the cosine, of the position angle 5p of the 
point, which position-angle is in direct intermediate relation to 
the distances of P from the terminals. Consequently, as soon 
as the power distribution over an alternating-current line-system 
has become steady, each and every point of the system virtually 
acquires a hyperbolic position-angle, such that along any 
uniform line-section in the system, the potential and current 
are. respectively simple sine and cosine properties of that 
position-angle. 



A. E. K. 



Harvard University, 

Cambridge, Mass, ( U.S.A.), 
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CHAPTER I 

ANGLES IN CIRCULAR AND HYPERBOLIC 
TRIGONOMETRY 

Gciiei-ation of Gimilar Angles. — If we plot to Cartesian 
co-ordinates the locus of y ordinatcs for varying values of 
X abscissas in tlie equation — 

yi -|. j.H = 1 . . (cm., or units of lengt!])* (1) 
we obtain the familiar grapb of a circle, as indicated in Fig. 1 ; 
where is both the origin of co-ordinates x, y, and the centre 
of the portion of a circle /'Ay. The radius OA, on the axis 
of abscissas, is taken i\s of unit length. Aa x diminishes from 
-|- 1 to 0, )/ increases from to -f-l.and the rndiua-vcctor OE 
moves its terminal E over the circular arc AEy. At any 
position such as OE, the tangent E/ to the path of the moving 
terminal is perpendicular to the radius -vector. As the radius- 
vector rotates • about tlie centre 0, it describes a circular sector 
AOE and a circular angle, ^ = AOE. The magnitude of this 
circular angle may be defined in either of two ways, namely — 

(1) By the ratio of the circular are length 5 described, during 
the motion, by the terminal E, to the length p of the radius- 
vector ; 

" Only the positive rout of equation {') ^ ^^^ conHideri'd, with the 
corresponding positive or c(>unter- clockwise rotation of ihe radius-vector. 
In what follows, a hyperbola may be uiideratocKl to be in all cases a 
rectangular hyperbola. 
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(2) By the area of the circular sector AOE swept out by the f 
radius- vector during the motion. 

Genemtion of Hyperbolic Angles. — If we plot to Cartesiar 
co-ordinates the locua of y ordinates for varying values of x 
abscissas in the equation — 

y^ — a? = \ . . (cm,, or units of length)^ (2) 
we obtain the familiar graph of a rectangular hyperbola, aa 
indicated in Fig. 2 ; where O is both the origin of co-ordinates 





X, y, and the centre of the hyperbola branch fAf. The radius 
or semi-axis OA, on the axis of abscissas, is taken as of unit 
length. As x increases from 1 to cc , ^ increases from 
to ■±<x. , and the radius -vector OE moves its terminal E over 
the hyperbolic arc AE/. At any position, such as OE, at which 
the radius-vector makes a circular angle (5 with the X axis, the 
tangent E/ to the path of the moving terminal makes a cir- 
cular angle ^ with the Y axis ; or a circular angle of 2^ with 
a perpendicular to the radius-vector. As the radius-vector 
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rotates about tljc centre O, it describes* a hjiperbolic sector 
^OE, a circular angle ^=AOE, and also a hyperbolic angle 
A.OE. The magnitude of this hyperbolic angle may be de6ned 
1 either of two ways, namely — 

(1) By the ratio of the hyperbolic arc distance s described, 
luring the motion, by the terminal E, to the length p of the 

yd iu a- vector ; 

(2) By the area of the hyperbolic sector AOE swept out by 
e radius-vector during the motion. 

[ Algebraic Definition of any Angle, CirBular or Hyperholic. — 
the circular locus AE^ of Fig. I, or in the hyperbolic 
!us AE/ of Fig. 2, let the rotating radiua-vector OE generate 
I any time an element of arc of length^ 

ds= J{dyf + {.Irf cnv (3) 

kid let 



be the 

length. 



irresponding instantaneous value of the radius-vector 
Then the element of angle described during the 
motion will be 



I 



3 — de- 



di 



circular or hyperbolic radian ( 



■)(4) 



'hat is, the element of angle described in the circular locus of 
Fig. 1 will be a circular angle element d^, and will be express- 
ible in units of circular radiam; while'the element of angle 

lesoribed in the hyperbolic locus of Fig, 2 will be a hyperbolic 
;te dement d6, and will be expressible in units of Jtyperbolic 



i the motion proceeds in Figs. I and 2 from an initial to 
Inal position of the radius-vector, the total angle described 
^Qg the motion will be — 

j5 = 6 =A~ circular or hyperbolic radians (5) 

In the case of the circular locus of Fig. 1, the radius- 

f Only the positive root of equalion (2) is liere couBidereil, with the 
esponUing positive or counter-clockwise rotation of tlie radiua-vector. 
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The preceding algebraic relations between arc and radiu 
vector ratios of circular and hyperbolic angles arc illustrated 1 
in greater detail by Figs. 3 and 4. In Fig. 3 each of the I 
circular arcs AB, BO, CD, DE, EF possesses a length of 02, 
if the radius OA be taken aa of unit length. Consequently, 
each of the circular angles in the sectors AOB, BOC, COD, 




A Hjlwrljolic Angle of ] hyperbolic mdiai 
each, expressBd as e =/-. 



Dra'2radu4 



DOE, and EOF is 0-2 circular radian. The total circular 
angle AOF of the sector AOF is thus 1 circular radian. 

In Fig. 4 each of the hyperbolic segments AOB, BOC. COD, 
DOE, and EOF contains a hyperbolic angle of 0-2 hyperbolic 
radian, the length of the arcs AB,BC, CD, DE and EF, increas- 
ing aa the hyperbolic angle iucreases, and also the lengths of the 
integrated mean radii- vectores p' which are indicated in Fig. 4 
for each sector. Consequently, the total hyperbolic angle of 
the sector AOF is 1 hyperbolic radian, the arc ABODE K 
having a total length of VZVal units, if the radius OA be taken 
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lae of unit length. The integrated mean radius-vector p for 
le total hyperbolic angle of the sector AOF intersects the 

at/. 
For brevity, we may use the term " hyp." as an abbreviation 
for the unit hyperbolic radian; ho that in Fig. 4 we may say 
that each of the sectors contains, and each of the arcs subtends, 
a hyperbolic angle of 02 hyp. ; while the total sector AOF 
contains, and the arc ABCDEF subtends, a hyperbolic angle 
of 1 hyp. 

Hyperbolic angles and hyperbolic trigonometry are of great 
importance in the theory of electric conductors as used in 
electric engineering. 

^BtRIOONOMETRIC functions of CIHL'IJLAll AND IIYl'EKHOI.IC 
^B ANCI.KS. 

^B Trigonometry recognizes certain functions or ratios of 
^^ffligths in connection with circular and hyperbolic angles. 
If we retain the initial radius as of unit length, the ratios 
become simplified into the numerical lengths of certain straight 
lines. In Figs. 1 and 2, SE ia the sine, OX is the cosine, 
and M the tangent of the angle of the sector, circular or 
hyperbolic' 

It is evident that when the angle is very small, both the 
hyperbolic and circular sines are likewise very small; the 
hyperbolic and circnlar tangents are likewise very small, while 
the hyperbolic and circular cosines are very nearly unity. As 
the angle increases through many radians, the circular sine 
periodically fluctuates between the limits -f- 1 and — 1, while 
the hyperbolic sine increases steadily from to a:. The 
circular cosine periodically fluctuates between + 1 and — 1, 
while the hyperbolic cosine increases steadily from 1 to « . 
^^he circular tangent periodically fluctuates discontinuously 
^^Ktween -|- oc and — cc , while the hyperbolic tangent steadily 

^H^* Rererence is here made only to the numtriml lengtlig uf tljese 
functiona ; and their jiropur direttion in the plane, real or iniapiriary, 
is i gnu red. 



fc; 
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increases from to ] . Fig. a shows the grapha of the hyper- 
bolic functions for the first few hyps., the hyperbolic angle 
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Diagram showing the g'aphs of the ■ 


















ne, cosine, tangent, cotangent, secant 1 


















nd cosecant of a hyperbolic angle. 1 


















1 
















i 




T 


















t-nc,l,n 1 




















... 


























































































































































- 






























































































































































































• 




































































































































































/ 


















































' 
















































, 




































































































f 








































\ 


















































' 








/ 










































1 








/ 








































' 




-c 












































i 




1 














































/ 












































. - 


;-] 




/. 




















































































■s 


Wv 






































0,,.- 


/' 




































1 1 1 1 1 




















































03 > i.» a as > 3.S 4 «,i a iJi 8 flJi » jj 

being marked along thu axis of abscissas, and tiie numerical 
value of the function alnng the axi.s of ordinates. 
Id oi-der to distinguish between hyperbolic and circular 

L 
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functions, the letter h is affixed to the function when the 
hyperbolic function is denoted ; thus, the sine, cosine, versine, 
tangent, secant, cosecant, and cotangent of a hyperbolic angle 
Bxe respectively indicated by the customary notation — 
sinh 0, cosh 0, versh 0, tanh 0, sech 0, cosech 0, coth 0. 
By the process described in Appendix A, the standard 
formulas of circular trigonometry may be readily transformed 
into corresponding formulas of hyperbolic trigonometry. It 
will be found that circular function formulas involving only 
first powers, in general transform into corresponding hyperbolic 
function formulas without change. Thus the formula — 

sin 2j8 = 2 sin j8 cos j8 . . . numeric (8) 

transforms directly into — 

sinh 20 = 2 sinh cosh . . „ (9) 

But circular function formulas involving squares, or second 
powers of functions, usually involve one or more changes of 
sign in hyperbolic transformation. Thus — 

cos^jS + sin^jS = 1 . . . . numeric (10) 
becomes — cosh20 — smh?0 = 1 . . . . „ (11) 

With this reservation in mind, it is not worth while pre- 
paring a special list of hyperbolic trigonometric formulas. 
•They may be obtained from the corresponding circular trigono- 
metric formulas by transformation on inspection. Conse- 
quently, no appreciable additional mental labour is needed 
for memorizing formulas when learning to apply hyperbolic 
trigonometry, after the student has learned to apply circular 
trigonometry. The formulas already learned with the latter 
suffice for both. A short list of comparative formulas in circu- 
lar and hyperbolic trigonometry is given in Appendix B. 




CHAPTER 11 

APPLICATIONS OF HYPERBOLIC FUNCTIONS TO CON- 
TINUOUS-CURRENT LINES OF UNIFORM RESIST- 
ANCE AND LEAKANCE IN THE STEADY STATE 

Perfectly Itisiilated Lines. BeilUinear Graphs. — Let us first 
consider a uniform conducting line such as a telegraph line 
L kilometers long, but perfectly insulated from the ground 
and from all other conductors. Such a line will have a 
uniform linear conductor-resistance of r ohms per km., and its 
total conductor- resistance will be hr ohms; but it will, by 
assumption, be devoid of leakance. 

If we free the distant end B of this line AB, Fig, 6, and 
apply an e.m.f. of Ea volts to the borne end A, as by means 
of the battery shown, it is evident that all parts of the line 
conductor will take the same electric potential, aud the graph 
of this potential as ordinates, to distance along the line as 
abscissas, will be the straight line AB parallel to the axis of 
abscissas. 

Again, if we ground the distant end B of the line, aa in 
Figs. 7 and 8, tbe graph of electric potential will be the 
inclined straight line AB, Fig. 7, falling from Ea volts at A 
to zero at B; while at any distance Lj km. from A the potential 
will be 

t = ^j,-l\^r volts (12) 

Moreover, since there is no current leakage along the line, 
the current strength will be the same at all points, smd the 
current graph will be the straight line AB, Fig. 8, parallel to 
the axis of abscissas. 

Similarly, if the line instead of being either freed or 

grounded at B, is grounded there through some constant 

resistance, it is evident that the graph of potential along 

10 
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the line under an impressed e.m.f. Ea at A, would still be a 
straight line, but a straight line of lesser inclination than AB 
in Fig. 7; while the graph of current would still be a straight 
line parallel to the axis of abscissas, but a straight line lower 
than AB in Fig. 8. 
Similar reasoning applies when an e.m.f. is applied at B, 
r alone, or in conjunction with an e.m.f. at A. 




iquently we may include all possible conditions under 
the statement that the graphs of potential and current over 
any uniform perfectly insulated conductor, in the steady state, 

K straight lines.* 
ines of Uniform SesUtajice ami Lcakance. — If now the line, 
ead of being perfectly insulated, has a uniform linear 
leakance of g mhos [>er km. ; then if we free the distant end 
E, and apply an e.m.f. Ea to the home end A, as in Fig. 9, 
the graph of electric potential along the line will become 

* The steady stale of current flow will be assumed to liave been 
in all caaes cguaidered. 
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a catenary, or curve of hyperbolic cosines, such as AB,I 
and the graph of current along the line will be a catenary- 
slope curve, or curve of hyperbolic sines, such as the dotted 
line A&, Fig. 9. In the case there represented L = 500 
km., r = 10 ohms per km., and ^ = 05 x 10~^ mho per 
km., or half a micromho per km. corresponding to a linear 
insulation-resistance of 2 megohm-kilometers. 
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Fig. 9. — Fall of Pressure and Current along a uniformly leaky line, fne 

at the far end. 



Under these conditions, as shown in Appendix C, we obtain 
the following fundamental equations for potential and current. 
With no leakage — 

Ea - IaV = e = Eb + IfiLgr . . volts (18) 
I^ = i = Ijj . . . . amperes (14) 

With uniform leakage — 

Ea cosh JjyOL — Ia^'o ^^^^ ^^ = c = Eb cosh Lgtt + Ib^*o ^^^^ I^« 

volts (15) 

P^ F 

Ia cosh Ljtt sinh L^a = i = Ib cosh L^a + ^ sinh L^a 

amperes (16) 
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where Ea and Ia are the e.m.f.and current at A 

>» Eb „ Ib „ „ „ B 
» c „ ^ „ „ „ some intermedi- 
ate point, distant Lj km. from A, and Lg km. from B (Fig. 10) 
also — a = s/rg .... hyp. per km. (17) 

r^ = y- ohms (18) 

The constant a is to be considered as a hyperbolic angle 
subtended by unit length of line. It is called the attenuation- 

constant of the line. Its dimensions are f ^ -p ), or a numeric 

divided by a length. 



..). 




P _ B 






l.l 



I 

I 
I 
I 
I 
I 
J. 



Fig. 10. — Diagiam of Simple Ground-Return Circuit : A,Genei-ator End; B, 
Motor or Receiving End ; P, Intermediate Point. 

The constant r^ is to be considered as a characteristic 
resistance pertaining to the line. It is the resistance which 
an indefinitely long line, of the given linear constants r and g, 
would oflfer at either end say A, as measured to ground, 
whether the other end were freed, grounded, or left in any 
intermediate condition of ground through resistance. It is 
called the surge-resistance of the line. In the case of the line 
considered with Fig. 9, the surge-resistance is — 

r^ = ^10 X 2,000~600 = 4472 ohms. 
The attenuation-constant for the case indicated in Fig. 9 is 
a = ^10 X 0-6 X 10-^ = 0002236 hyp. per km. The physical 
meaning of the constant is that when an impressed e.m.f. E 
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volts is applied to one end ol"a line, which is either indefinitely' 
long, or is grounded at the distant end through a resiatanca 
equal to the surge-resistance of the line, the potential at a 
distance of one km. from the home end will have fallen from 
E to Efi-" volts, where e is the base of Naperian logarithma, e 
2'7 1828. In each and every unit length of line the potential will 
fall by the factor £ ~'. Consequently, after Lj km. the poteotial 
will have fallen to Ee"'"" volts. The factor e-'-i" is called the 
normal attennation-factor for the length Lj. Thus, in tha 
case of the line represented 'by Fig. 9, with an attenuation- 
constant of 0'002236 hyp. per km., if an e.m.f. of say Ea = 200' 
volts be impressed at A, and the line is grounded at B through. 
4472 ohms, the potential at 1 km. from A will have fallen to 
200 £— f*'«>s«3i' = 1 99-552 volts. The potential in each and every 
km. will fall by 0'2236 per cent., and, after running 500 km^ 
the potential will fall to 200 e-''"« = 2OOx0'3269 = 65-38 volfca. 
The normal attenuation -factor for 500 km. of this line i» 
therefore 0-3269, If the line were grounded at B through 
more or less than ■/■„ ohms, the attenuation-factor would be 
greater or less than the normal. 

Angle sitbteruled hy a Uniform Liiie. — A uniform line poa- 
sesses, or may be said to subtend, a hyperbolic angle — 

fl = La = LV^= VRG . . . hyps. (19) 
where R = Lj- is the total conductor-resistance of the line in'. 
ohms, and G = Ly is the total dielectric conductance of the 
line in mhos. That is, the angle of the line in hyps, is ths 
geometric mean of the conductor-resistance and dielectric 
conductance. The angle of a uniform line increases directly 
with its length. The attenuation- constant a, in overland tele- 
graph lines, varies between the approximate limits of 10"^ and 
10"^ hyp. per km., according to the condition of insulation. 
If we take 1000 km. as the greatest length of telegraph line 
likely to be operated in a single section, without repeaters, the 
angle of such a line may vary between the limits of O'Ol and 
10 hyps. In practice, however, the line would probably cease 
to he workable telegraphically when the leakance became 
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sufficiently groat to bring the line angle to 4- hyps., for which 
the normal attenuation -factor is e'* or O^OIS: so that the 
received current would be only lH per cent, of the current at 
the sending end, if the receiving end were grounded through 
a resistance equal to the surge-resistance of the line. A 
uniform line is a more efficient transmitter of current from 
the generating to the receiving end as its line angle is reduced ; 
although not in simple proportion. 

TrigonomeU-kal Properties of a Simple Unifvrm Lint in 
Belation to its Angle. Distant End freed.— \t is easily shown 
from equations (15) and (10), substituting the proper terminal 
values of potential and current, that when a line of angle d is 
freed at the distant end, with a steady e.m.f Ea applied at the 
home end, the resistance offered by the line at the home 
end (see Appendix 0) is — 

R/=r^CGthO ohms (20) 

th e current entering the line is — 

( 

^■Ta! 



tanh 6 = ^r-^^.jrfl ■ ' ^'ope'^es (21) 



■„ cotii 6 
i the potential at the distant free end is — 



cosh 



volts (22) 



K*Fable I gives the potential at the distant free end of a line 
f a decimal fraction of the e.m.f. impressed at the home end, 
for different lengths of line and various attenuation-constants. 
Thus, with a line of attenuation -constant 0'0025 hyp. per mile 
or km., and a length of 500 miles or km., the line angle would 
be 1-25 hyps., and the Table shows that the voltage at the 
distant free end would be 0'53, or 53 per cent, of the impressed 
voltage. 

Distant End grounded. — Similarly operating upon the funda- 
mental formulas (15) (16) we have, with the distant end of the 
grounded, the line resistance offered at the home end— 

R^ = r, tanh fl ohms (23) 
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TABLE I 

Potential at Distant Free End, with Unit E.M.F. impressed on Line 

AT Home End. Continuous-Current Case. 



a = 


00001 


0-0005 


0001 


00025 


0005 


00075 


001 


50 
100 
200 


0*9999 
0-9999 
0-9998 


0-9997 
09987 
0-9950 


0-9988 
0-9950 
0-9803 


0-992 
0-970 
0-887 


O-970 
0-887 
0-648 


0-930 
0-772 
0-425 


0-8868 
6481 
0-2658 


300 
5 400 
U 500 

6 


0-999^ 
0-9992 
0-9988 


0-9888 
0-9803 
0-9695 


0-9566 
0-9250 
0-8868 


0-772 
0-648 
0-530 


0-425 
0-266 
0-163 


0-209 
0-094 
048 


0-094 
0-037 
0-014 


^ 600 
700 
800 


0-9982 
0-9975 
0-9968 


0-9566 
0*9416 
0-9250 


0-8435 
0-7967 
0-7477 


0-425 
0-337 
0-266 


0-094 
060 
037 


022 
0011 
0-005 


0-005 
0-002 
0-001 


900 
1000 


0-9960 
0-9950 


0-9066 
0*8868 


0-6978 
0-6480 


0-209 
0-163 


0-022 
0-014 


0002 
001 


0*0008 
0-0001 



The current entering the line at the home end is — 

Ea 



E 

L = — coth = ,. , /. 
r^ r^ tann 6 



amperes (24) 



The current escaping to ground at the distant end is — 

'^ " r^ sinh e • • • • an^peres (25) 

So that the line behaves at the distant end as though it had 
a line resistance To sinh ohms without leakance. This ap- 
parent resistance of the line, as judged at the distant grounded 
end, is called the receiving-end resistance grounded. It is 

R/= r^ sinh 6 ohms (26) 

Apparent Honie-End Resistance of a Uni/orvi Line. — It is 
evident from formulas (20) and (23) that — 

r^ = VR^.R^= ^Jr,' =Y7T • • ohms (27) 

or, that the surge-resistance of a uniformly leaky line is the 
geometrical mean of its apparent resistances when freed and 
grounded, respectively, at the distant end. When the line is 
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electrically long, i, e, when 6 is over 2*5 hyps., tanh ascend- 
ingly approaches unity within less than 0*5 per cent., and 
coth descendingly approaches unity within less than 0*5 per 
cent. ; so that the apparent resistance offered by an electrically 
long line converges to the surge-resistance r^, whatever the 
condition of the distant end. Moreover, dividing (23) by (20) 
obtain — 

tanh e = yj^ numeric (28) 

so that— 6 = tsLuh-^^^ .... hyps. (29) 

and — ^ ~ T ^yP* ^^ ^^' ^^^) 

Consequently, if the apparent resistances R/, R^, of the line 
are correctly measured at either end, the values of r^ and a are 
determined with the aid of tables of hyperbolic functions,* and 
from these the corrected linear constants of the line are found 
by the relations — 

r = ar,^ .... ohms per km. (31) 

and — ff = — mhos per km. (32) 

Thus, if a telegraph line, when freed at the distant end, was 
observed to offer a resistance R/=5912 ohms, and when 
grounded at the distant end, a resistance R^ = 4434 ohms, the 
surge-resistance of the line would be r^ = %/5912 x 4434 = 

5120 ohms, and the angle of the line e = tanh-i J^^ = 

\5912 

tanh-i 0-86603 = 1317 hyps. If the line is known to have a 

length L of 800 km., the attenuation-constant, or linear angle, 

1'317 

is ^ = 0*001646 hyp. per km. Consequently, the inferred 

* The best tables of hyperbolic functions of real hyperbolic angles are 
probably Hyperbolic Functions, by G. F. Becker and 0. E. van Orstrand, 
Smithsonian Institution, Washington (D.C.), 1909 ; and Tafdn der Hyper- 
belfuncHonen und der Kreisfunctionen, by Dr. W. Ligowski (Berlin : 
Ernst & Komy 1890). See also Appendix to Dr. J. A. Fleming's The 
PropagtUion of Ele:tric Oiirrents (London : Constable & Co., 1911). 
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true linear realHtaiico of the Hoe is /■ = 5120 x 0'001646 - 
8428 ohma per kiii., and the inferred true linear leakance i 

,j = "4"!^;*? = 0-3215 X 10- V'''" (3,110,600 , 
■' 5120 km. ^ 

insulation resistance). The apparent or uncorrected valw 
would have been 

mho 



1^ 
" 5912 X 800 ^ 



800 
-02114 xlO-" 



km.' 




o^ 


^ d 1 


V, 


1'^ \ 


¥i 


IB 


E - ; 


a ; 


la 


^\i\ 


* 


5-1 1 


- 


5«t 


• 1 



Fio. 11.— Diagram of four kilo- 
misters of line with lOu piT loop 
kilometer &ad 2 megohm-kilonietere. 



Fni. 12.— Diaf^i'iim of four kilo- 
meters composed of two separate 
cuits with gronnd retun " ■■ '" 
Eio per kilonietrr uud 



The constants a and )•„ are more important in the theory d 
long uniform electric conductors than the constants r and j 
The former may therefoie be called the cJiaradej-isiie amsiani 
OF characteristics of a line; while the latter are the secondar^ 
constants. 

Characteristics of Loop-Lines and of Wire-Lines. — We ha^ 
hitherto discussed the characteristic constants a and r^ « 
aingle-wire lines with ground-return circuit, such aa are used il 
wire telegraphy. We now proceed to discuss the characteristic 
of loop-lines such as are used in wire telephony. 

In Fig. 11a loop-line or metallic circuit is indicated, 4 km, ii 
length, with an e.m.f. of E^,= 80 volts impressed at the sendiof 
end, and a load of o„ = 200 ohms resistance at the receivin; 
end. The linear conductor-resistance is ?■,, =10" per loop-km. 
and the linear insulation -resistance is 2 megohm-kilometen 
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represeiiting a linear dieleclric leakance j„ =05 X 10-" mho 
per loop-km. The same system is represented in Fig. 12 
with respect to a symmetrical dividing line of zero electric 
potential, or neutral plane of ground potential. No change 
in the distribution of potential, current, resistances, or power 
would be made by connecting the dividing line to ground, or 
by separating the two halves of the system, and completing 
each portion by a perfectly conducting ground return. In 
each half of Fig. 12, we have then an impressed e.m.f, of 
E, = E„/2 = 40 volts, a load I'esistance tr^ = rr^Jl = 100 ohms, 
a linear resistance of r, ^ j\J2 = 5 ohms per wire-km., and a 
linear leakance of j, = 2?,, = 10"^ mho per wire-km. 

The characteristics of each half of the system in Fig. 12 are— 
= ^r^q, = V5xl0-n = 2-2.36 x 10"' hyp. per wire-km. (33) 
= s/'>'Jfl, = s/^ X 10^ = 2236 . . . ohms per wire (34) 

The characterisri^-s of the double- wire system in Fig. 11 are — 

%^^ = ^/5^^ = ^10 X Oo X io-« = 

2-23C X 10-' . . hyp. per loop-km. (33) 
= ^Tjg„ = :^U)/0-5 X 10-" = 44.72 ohms per loop (36) 



-'©=^V^-- 



Consequently, the attenuation -constant has the same value 
whether computed from the linear resistance and conductance 
per loop- or per wire-kilometer. The surge -resistance of a 
loop circuit is twice the surge-resistance of each half considered 
as a wire circuit to neutral plane. The impressed e.m.f is, 
however, also twice as great in the loop circuit as in each 
wire circuit; so that the current in the loop is the same as 
the current in each wire. 

It is, therefore, a matter of indiiference, in computing an 
attenuation -constant a or a line angle 6 = La, whether we 
use secondary constants ;■ and t/ per loop-mile or per wire- 
mile. In computing the surge-resistance, there is an obvious 
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ratio of 2 : 1 in the two cases. We shall, therefore, coDtinue 
to discuss single-wire circuits, for the greater simplicity ot 
conception and representation, with the understanding that 
looped circuits are thereby included. 

Characieristics viith respect to Unit of Length. — It is evident 
from an inspection of (17) and (18), that if we change tN 
unit of line length, say by using the mile instead of the kni, 
the attenuation -con slant will be increased in direct propoiy- 
tioQ to the size of the unit, whereas the surge -resistance will 
not he affected. Thus, a line of linear resistance I'O ohm 
re-km,, and linear leakance of 1 micromho (10"* mho)' 

■*■ .--- d=Ltt. -->- 

. ! P- ^--- *^- 



per 1 



F[U. 13. — Uuiform Liiiu witli diBtribnted 

per wire-km., would have an at ten nation -constant of (KMK 
hyp. per km., or 1 milli-hyp. per km., and a surge-reaistanM 
of 1000 ohms. The angle subtended by 1000 km. of such i 
line would be 1 hyp. The same line would necessarily havt 
a linear resistance of 1609 ohms per wire statute Englislt 
mile, and a linear leakance of 1'609 X 10"* mhos per wire 
statute English mile; while its length would be 621'1 Engtisb 
statute miles. On this basis, the attenuation-constant woulA 
be a = 1"609 x 10"^ hyp. per mile, the angle subtended by 
the whole liue would be 1 hyp., and the siirge-resiatauce would 
be 1000 ohma as before. That is, attenuation-constants takes 
with reference to the English statute mile are 1'6093 timet 
those taken with reference to the interoational kilometer, bufc 
neither line-angles nor surge -resistances are affected by sucfa 
references. The hyperbolic angle and the surge resistance ot 
a line are its primary constants, and are invariants with respect 
to units of line length. 
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Trigonometrical Properties of an Angular Point on a Line, — 
If we consider the uniform line AB, Fig. 13, in any steady 
state with the distant end B either free or to ground, and an 
electric potential of Ua volts applied at the home end A, we 
may define the point P on the line as an angular point, if its 
distance from B is measured by the hyperbolic angle d hyps. 
The home end A has the angle 6 = La hyps. We then find 
from (15) and (16)— 

With B free, Up = Ua— ^f volts 

cosh u 



T T siiib d 

Ip = 1a . 1 /J . . . • amperes 

Rp = R. — TT-x ohms 



37) 
38) 
39) 
40) 
41) 
42) 



cothO 

With B grounded, Up = Ua . , ^ volts 

T T cosh d 

^^ = ^^c3ffi"e • • • • *""P^'^' 
^•" = ^^^"0 ^^"' 

Particular Case of Very Short Lines, Approximate Foinmdas, 
— When a uniform conducting line is electrically very short, 
i. e, when its angle is very small, say not exceeding 01 hyp., 
we may without much error substitute — 

for sinh 

1 „ cosh 
e „ tanh d 

-^ „ cosech 6 
u 

1 „ sech 6 

1 

-^ „ coth 6 

We then have with the distant end free, by (20), (21) and (22)— 

R/= '1=-^ ohms (43) 

I/' = EaG ampeies (44) 

Eb = Ea volts (44a) 
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and, with the distant end grounded, by (23), (24) and (26) — 

R^ = r^ e = R ohnas (45) 

Iff = Ea/R amperes (46) 

R^ = T-o e = R . . . . ohms (47) 

Or the conditions become equivalent to those of a very short 
line of resistance R ohms, and of very small leakage condact- 
ance G mhos. 

Particular Case of Short Lines, Approximate Formulas. — We 
may regard a line as a short line, although not a very short 
line, when its angle lies between 01 and 0*5 hyp. In the case 
of short lines, we may use two terms in the expansions by series 
of the trigonometric functions (Appendix B) and substitute — 

e + 1^ for sinh e 

1 + 2t » ^^^^ ^ 
e - -^ „ tanh e 



3 

1 _^d_ 
6 3! 



}} 



cosech 6 



1-2! " ^^^^ ^ 

~d "^ 3 " ^^^^ ^ 
We then have with the distant end free, by (20), (21) and (22)— 

R/=^(l+-^')=|^+i .... ohms (48) 
I/=EaG(i--|')=jj^^ . . amperes (49) 

Eb = Ea(i - I') = Ea(i - ^) . volts (50) 

That is, a short line oflfers a resistance at the home end 
when freed at the, distant end, as though all its leakance were 
applied as a single leak one-third of the line length away from 
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the home end. The potential at the far end also behaves as 
though the leakance were lumped and applied as a single leak 
half-way along the line, the drop of pressure in the line being 

then E^G • ^ volts. 
2 

Similarly, we have with the distant end grounded, by (23), 
(24), and (26)— 

R^ = r(i - y) = r(i - -3^) . . ohms (51) 

h = ^(1 + y) = EaQ + ^) . amperes (52) 

R, = r(i + ^) = r(i + ^) . . ohms (53) 

That is, a short line oflfers a resistance at the home end, 
when grounded at the distant end, as though the leakance 
were withdrawn and one-third of it were applied as a single 
leak at the home end. The current escaping to ground at 
the far end behaves as though two-thirds of the lumped 
leakance were applied as a single leak at the middle of the 
line. 

Angle subtended by a Terminal Load, — If instead of 
grounding a line at the distant end directly, we ground it 
through a resistance o ohms, the effect is the same as though 
a certain angle were added to the line at the distant end. 
Thus, Fig. 14 represents a uniform line AB of angle 0, 
grounded at B through a terminal load resistance CD = o ohms. 
The angle 0' subtended by this load is such that 

tanh 0' =- numeric (54) 

' = tanh-i(-^) hyp. (55) 

This load angle therefore depends not upon the absolute 
value of the load-resistance, but upon the ratio which the load- 
resistance bears to the surge-resistance of the line to which it 



or— 
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18 applied. Three coses have to be distinguished with con- 
timious-ourrent lines, according as - is less than, greater than, 

or equal to, unity. With alternating-current lines, the dis- 
tinction becomes unnecessary. 

Pirsi Case. Tettiiinal Load- Resistance less than Surge-Resist- 
ance. — Ifois less than r„,t)ie equivalent termiDal load angle 
6' is easily found from a table of hyp. tangents. Thus, if a 



'^ 

: + 



0^1 



Y Jt -X- J - ^ ' 






line AB, 500 km. long, has j- = 4 olims per km., and y = 10"' 
mho per km., its conductor-resistance R will be 2000 ohms 
and its dielectric leakance G will be 5 x 10' mho- Its angle 
will be fi = ,y20dOx5xlO-* = 1 hyp., and its surge- resistance 

Va =a/. .f.., = 2000 ohrus. If this line is grounded through 

a terminal load- resistance (CD, Fig. 14) of, say, a = 500 ofams, 
the angle of this load will have as its tangent o/r„ = 500/2000 
= 0-25. The angle is thus found by tables to be 0'25542 hyp. 
The angle at A subtended by the terminally loaded line is 
3^ = + 6' = 1-25542 hyps. 

The resistance offered by the terminally loaded line at A is 
therefore by (23) through extension of the line angle — 

R„ = r, tanh di = r„ tanh (6 + 0') . ohms (56) 
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The current escaping to ground at distant end is by (25) (41) — 

J Ea cosh 0' Ea cosh 6' orv.r.^v^u /^7\ 

'« = .^>iih^ = r, sinh (0 + d') • • ^'^P"^"' ^^^) 

so that by inserting the resistance a in the ground path the 
receiving-end resistance of the line is increased from Rj = 
r^ sinh 6 to — 

^ r, sinh (0 + 0') u /-qx 

^' =^ "-cosh 0' • • • • ohms (o8) 

= r^ sinh + a cosh . . . ohms (59) 
Formulas (40), (41), and (42) will be found to apply for any 
point P of the line AB ; that is, for any angle d between 0' 
and (0 + 0'). The terminal load a has no angle of its own, 
but gives to the end B of the line a virtual angle of 0'. 
Formulas (40) to (42) will therefore not hold for values of d 
less than 0'. 

The potential at B is by (40) — 

TT -n sinh 0' ,, .^^. 

^« = ^S-inh (0 + e') • ■ • • ''""^^ <^^> 

In the case considered, the terminally loaded line would 
oflfer at A a resistance of 2000 x 0*84971) = 1699*58 ohms. 
The current which would escape to ground would be the 
current escaping through the junction BC, and by (41) or (57), 

would be, with 100 volts applied at A : stttttt — ^ n^c^^r, = 0032 

^^ 2000x1*61216 

0*25817 
ampere, and the potential at B, 100 x -^.n-tn-tr* = 160 volts. 

Second Case, Terminal Load-Besistance greater than Surge- 
Resistance. — If a is greater than r^, we apply formulas (37), (38), 
and (39), instead of (40), (41), and (42). That is, the line 
condition is considered as though modified from the freed 
state. 

The angle of the terminal load at B is now — 

0' = coth-i iy\ = tanh-i^^) . . . hyp. (61) 

which is found by a table of tangents. The angle at the home 
end A is then 5^ = 0+ 0' as before. 
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The resistance offered by the line as measured at A is by 

(20)- 

B/ = r, coth ^A = ^o coth (0 + 6') . . ohms (62) 
The potential at B is by (37)— 

The current escaping at B through the load to ground is 
by (38)— 

_ Ea sinh y _ Ea .^.. 

^^ ~ r, cosh (0 + 0') " ^'oSinh e + a cosh e * ^"^P^^^« ^^V 

That is, the formulas of (37), (38) and (39) apply between 
the limits 5=0' and d = + 0' ; but fail for lower values, 
or in attempting to apply an angle within the load-resistance 
CD. 

Third Case. Terminal Load equal to Surge-Resistance. — In 
this case the angle given to the end B by the terminal load 
is infinite, either by (55) or (61). This means that the voltage 
and current fall off exponentially. The resistance oflfered by 
the line at A, or at any point on the line beyond A, is r^ ohms, 
as already noticed on page 14. The potential at any point 
P, whose angular distance from A is f hyps., is — 

Up = U^£-^ volts (65) 

the current at the same point is also— 

Ip = Ia £"^ . . . . amperes (66) 

the current at the sending end is — 

E 
Ia = — ^ amperes (67) 

and at the receiving end — 

Ib = Ia fi"^ = Ia fi"^* . . amperes (68) 
This is the case of normal attenuation referred to on. 
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page 14. In the case of a very long line, when is over 
4 hyps., sinh becomes very nearly - , and the receiving-end 

T ^ 

impedance direct to ground -^. The current escaping to 

ground over a very long line is thus — 

Ib = 21^6"* .... amperes (69) 

or double the current through a terminal load equal to the 
surge-resistance. 



CHAPTER III 

EQUIVALENT CIRCUITS OF CONDUCTING LINES IN 
THE STEADY STATE. 

It is evident, and has been qiiiiutitatively demonstrated in 
the last chapter, that any given uniform conducting line iu 
the steady state offers a certain resistance at the sending end, 
and also offers a certain receiving-end resistance at the re- 
ceiving end. That is, the line system, with its distributed 
reaiatance and leakance, may be replaced by a certain equivalent 
resistance, or group of resistances, at the sending end, and the 
same proposition applies also to the conditions at the receiving 
end. Pursuing this inquiry, it may be proved that there exist 
an infinite number of groups of resistances which, in the steady 
state, may replace the actual uniform line, with its distributed 
constants, both at the sending end and at the receiving end. 
So that, if we select any one of this infinite number of resist- 
ance groups and substitute it for the line, there will be no 
change made, by the substitution, in the distribution of poten- 
tials, currents, or powers external to the group or equivalent 
line conductor. Such an equivalent group of resistances, 
capable of being substituted for the line without disturbing 
the electrical conditions outside the line, is called an equivalent 
circtbit of the line. 

Although an infinite number of equivalent circuits, made Qp 
of four resistances, exist for any given line, and a forliori of 
more than four resistances, yet there are only two equivalent 
circuits that can be made up of threo resistances, and none of 
less than three. In the case of a single uniform line, either 
unloaded or symmetrically loaded, one of these triple groups 
of resistances is a star group of three branches, or a 7* of 
resistances, two iiriiis of tlie 3', or two branches, being equal. 
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and disposed in series to represent the line resistance, and the 
third branch, or staff of the T, a resistance in derivation, acting 
as a leak, or leakage conductance. The other triple group of 
resistiftnces is a delta group, or triangle group, of three branches, 
or a n, one bninch, the architmve, being disposed in series, to 
represent the line resistance, and the two other resistances, 
which are equal, are in derivation, and form the pillars of the 
n, acting as equal leaks or leakage conductances. In Fig. 15 
we have at AB a diagram of a single uniform line of total 
actual conductor- resistance R ohms and total actual leakanee 
G mhos. The angle of the line is hyps. The surge resist- 
ance of the line is z^ ohms.* The surge admittance of the 
line is J/a^l/s, mhos. 

At A'B' (Fig. 15) is shown the equivalent T of the actual 
Lline AB, consisting of the two arms A'O and OB', each equal 
[to a certain resistance of p' ohms, and the staff OG' of a certain 
I resistance R', with corresponding conductance g'. 

At A"B" (Fig. 15) is shown the equivalent 11 of the actual 
[line AB, consisting of the architrave resistance p" ohms in the 
iJine or series circuit, and of two pillar resistances each equal 
I to R" ohms, one connected in derivation or as a leak at A", 
[.and the other in derivation or as a leak at B", each having a 
toonductance of g" mhos. 

It is shown in Appendix D that the T group A'OB'G' ia the 
equivalent of the uniform line AB, when the equal resistances 
' of the arms and the conductance of the staff are each adjusted 
|to a certain definite function of the line characteristics. What 
true of the equivalent T in this respect is necessarily true 
Voi the equivalent H, because, by a known theorem, a. certain 
kiesiatance delta is always the external equivalent of a given 
[■Jesiatauce triple star, as shown in Appendix E. 

Although, as has been said, an infinite number of four or 

[more branched equivalent circuits exist for any given line, yet 

Ithe term "equivalent circuit" may be understood in what 

ifollows to denote one or other of the two sole equivalent 

The symbol ij is here iiaed for BnrgB-reHiatanpe, instead of r^, in antiii- 

ation of the alternating-current cme to bs discussed lateT on. 
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circutla with three branches, viz. the equivalent T and tlie 
equivalent 11. Sometimes it ia convenient to replace a line by 
its equivalent T; at other times it is preferable to replace it 
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by its equivalent 77 ; consequently, both equivalent circuits 
will be discussed at length, especially because, although in 
the continuous- current case, both the T and the JI equivalents 
if a line liave physical significance and can be actually c 
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struoted of resistance coils ; yet in the alternating-current case, 
either the equivalent T or the equivalent 77 may have arith- 
metical meaning only, and may be devoid of simple physical 
significance ; so that it cannot be constructed out of a simple 
association of resistances and reactances. 

Equivalent T. — Aa indicated in Fig. 1.5, the following values 
must be assigned to the parts of the T in order that it may be 
externally equivalent to the uniform line AB. Calling p the 
value of each arm resistance, and g' the value of the «taff 
conductance — 

!•' = :,, tanh ^ = :„ coth — R' . . . . ohms (70) 

/ = .'/c sinh e mhos (71) 

or, since the tobil conductor-resistance R of the uniform line 
is by (ly) and (27)— 

R = c„ ohms (72) 

and the total leakance of the uniform line, by (32), is — 

G = yJ mhos (73) 

we may construct the nominal T of the line, by placing in each 
arm half the actual resistance of tho uniform line, that is — 

^-:^-| ohms (73a) 

»nd in the staff, the actual total leakance of the uniform line, 
is nominal T will, however, fail to be equivalent to the 
Actual uniform line; because, although the total conductor 
resiatance and the total leakanco of the nominal T are respect- 
ively the samo as the total conductor-resistance and leakance 
of the line ; yet in the nominal T the leakance is collected into 
one lump and placed at the middle of the line; whereas in 
the line the leakance is distributed. The nominal T has, there- 
fore, an error due to the lumpiness of the leakance; whereas 
the equivalent T this eiTor is eliminated. The correcting 
tor which must be applied to each arm of the nominal T, 
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in order to convert it into the corrected value, or arm of the 
equivalent T, is — 

tanh (^) 
^V, = —TJx — • • • • numeric (74) 

This factor approaches the value 1 as becomes very small. 
It tends to diminish with increasing real values of 0. That is, 
the arms of an equivalent T arc always smaller than those of 
the corresponding nominal T of a continuous-current line, and 
tend to become smaller as the angle of the line increases. 

The numerical values of k ^ are, however, subject to great 
fluctuations in the alternating-current case. 

Similarly, the correcting factor which must be applied to 
the conductance in the leak of the nominal T is — 

7 sinh . ,^-.. 

% = — ^ numeric (7o) 

a quantity which commences at 1 when = 0, and increases 
indefinitely with 0. Consequently, the correcting factor of 
both leak and arms is unity for a very short line; or the 
equivalent T degrades into the nominal T for = ; but as the 
line angle increases, the equivalent T diverges from the nominal 
Ty the equivalent T arms diminishing relatively in resistance^ 
and the equivalent T leak increasing relatively in conductance, 
in the case of a continuous-current system. 

Equivalent 11, — As indicated in Fig. 15, the following values 
must be assigned to the parts of the 11 in order that it may 
be externally equivalent to the uniform line AB. Calling p" 
the value of the architrave-resistance, and /' the value of the 
conductance in each pillar — 

p" = z^ sinh ohms (75a) 

/' = y^ tanh ^ mhos (76) 

or, since the total conductor-resistance R of the uniform line 
is z^O, and the total leakance y^Oy we may construct the 
nominal II of the line by placing in the architrave the total 
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uai line-resistance z6, and half the total leakance in each 



i 



the nominal 11. As before, the nominal /7 will have a lumpi- 

neaa error, and this error is avoided in the equivalent 77, The 
correcting factoi' which must be applied to the nominal archi- 
trave-resistance in order to convert it into the equivalent 77 
I architrave is— 
, sinh 6 . ,__, 

A'p^_ = — — immenc (77) 

Similarly, the correcting factor which must be applied to the 
conductance in each pillar of the nominal 77 in order to convert 
it into the equivalent 77 pillar is — 



tanhj) 




(78) 



» 



It is evident that the correcting factors of the nominal T and 
77 are the same, but mutually inverted, the correction tending 
in the continuous-current case (fl a real numeric) to increase 
the line-resistance of the II and to diminish the leaks in the 
pillars. 

As a numerical instance, we may take a uniform line of 
L = 100 km., )■ = 20 ohms per km., g = 20 x 10"* mho per 
km. ; so that 9 = 2 hyps., and r^ = 1000 ohms. Fig. 16 shows 
the nominal T and 77 of this line, as well as the equivalent 
T and 77. It will be seen that the nominal circuits each place 
2000 ohma in the line, and 2 millimhos of leakance in total 

derivation. 

Applying these correct- 

V ing factors, we obtain the equivalent circuits. Either of these 
■i^uivalent circuits may be substituted for the uniform line AB, 
[•without disturbing in any way the external conditions, whether 
.e.m.f. is applied at either or both ends of the line. 
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Assigning a Unifoi^m Line Equivalent to a Symmetrical Torll, 
Beversion of Equivalent T, — Just as we have seen that to any 
given uniform line there corresponds one, and only one, sym- 
metrical T or n which is its perfect external equivalent in the 



A^ 



z 





♦ y " 



iOQO 






>> 



HJi 



' ' T T ^ ' 



iB 



<r» zycttT^A 



TlomtTtal T 
A ^ iooo*^ WOO 



lo^X^ 



n 



B 



X 



f. 



Or' 



yLoynxnal Tl 
Zooo^ 



H 



2,0 



Ott. 

t 






B 



O 
I 

VI 



A'^Ji^Mf^ilTk^^i^ B' 



/o'~\Uiiki 



II- 






a. 






VflUAAAh^tleTLt T 



A* 



ft 

r 



5 



a" 



3626' 9l(> 



S« /'■-z,sakB o^ 






B' 






bo^bUAhxleYut TI 



b- 



Fio. 16. — Nominal and Equivalent T's and n's of a Uniform Line. 



steady state ; so, conversely, to any given symmetrical T or i7, 
there corresponds one, and only one, uniform line with distributed 
constants. 

Suppose a symmetrical T given, as in Fig. 15, A'OB'Q', with 
two equal arms of p ohms, and a leak of g' mhos. Then the 
apjmrent angle of this line, treating it as a nominal T of total 



^>= — jKi — numeric (81) 
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line resistance R = 2p ohms, and total line leakance G = / 
mhos, would be by (19) — 

= \/2p', g' , . , apparent hyps. (79) 

and the apparent semi-angle or apparent angle of half the line 
would be — 

2""^— o • • • apparent hyps. (80) 

But this semi-angle cannot be correct, because it is based on a 
lumped leakance instead of- a distributed leakance as assumed 
in (19). The correction-factor by which the left-hand member 
of (80) must be multiplied, in order to eliminate this error of 
assumption, is — 

sinh(|) 

(I) 

That is, the formula (80) becomes on correction — 

sinh K = J -§- numeric (82) 

or the angle of the required equivalent uniform line is — 

^-f- hyps. (83) 

y 2R' " ^^^ 

if R' = — , is the resistance of the staff-leak in ohms. 
9 

Again, if we proceed to form the surge-resistance of the line 
corresponding to a nominal T, we have, by (27) — 

= J-^ ohms (85) 

But applying this process to the equivalent T, Fig. 15, with 2p' 
instead of R and / instead of G, we obtain an apparent surge- 
resistance r^' ; namely — 

rj = y —7- = fj2pB! . . apparent ohms (86) 
which contains a lumpiness error. The correcting &ctor which 

D2 



= 2 sinh -1 



^o 
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must be applied to the left-hand member of (86), in order to 
arrive at the true surge-resistance r^ of the equivalent uniform 
line, is — 

I'r- = cosh .^ = wl + '-^ . . . numeric (87) 
where 6 is obtained from (83) or (84). Consequently — 
r, = r, cosh -^ = cosh :^ ^ l'^ 



= cosh ^ J'A- = Bf sinh ohms (88) 



= p'^1 + ^, = p'^1 + -^*^' = P coth I „ (89) 

Reversion of Equivalent 11. — If a symmetrical 11 is given, like 
that in Fig. 15, we may proceed to determine the uniform line 
which is its external equivalent. If the 77 were a nominal /7, 
we should have R = p\ and G = 2g\ In that case, the angle 
of the line would be, by (19) — 

e = Jp'^lg" . . . . apparent hyps. (90) 
and the semi-angle of the line would be — 

2 = V^^2 ■ ' * apparent hyps. (91) 

But owing to the fact that the 77 is an equivalent, and not a 
nominal 77, this equation contains a lumpiness error. The cor- 
rection-&ctor which must be applied to the left-hand member 
of (91), in order to eliminate this error, is — 

sinh y ^ 
hff' = V .... numeric (92) 

(4) 

That is, the formula (91) becomes on correction — 



or the angle of the required equivalent uniform line is 



sinh -^ = jJ ^—^— .... numeric (93) 



= 2 sinh-' ^e^Z = 2 8inh-> ^ -^,, . . . hyps. (94) 



\ 
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Again, if we proceed to form the surge-resistance of the line 
corresponding to a nominal 77, we have as in (85) — 

= \ — 2~~ • apparent ohms (96) 

which contains a lumpiness error. The correcting factor which 
must be applied to the left-hand member of (96), in order to 
arrive at the true surge-resistance r^ of the equivalent uniform, 
is — 

K:' = sech 2 = ^247-/7-77 . . numeric (97) 

where 9 is obtained from (94) or (95). 
Consequently — 

'o = ^V s^ch 2" = sech 2 y^^-,, ohms (98) 

^LT = R" tanh f- = ^-j^ „ (99) 

General Equivalent Circuit Formulas. — We may write down 
the values of the elements in the equivalent circuits of a line in 
terms of the observed resistances R/ and R^ of the line at the 
home end when freed and grounded respectively at the distant 
end. For the equivalent T we have — 

p' = R/ ( 1 - y 1 -A-) . . . ohms (100) 

R' = R^^1-|^ „ (101) 

and for the equivalent /7, we have — 

p" = R,A/l-|^ .. (102) 



r. 



- "■■ Vw 



R 



'/ 



R" = R/(l + ^l-|!^) . . „ (lO'O 

from which — 

^+--"=R/ „ (104) 

p'/g" = p"/g' = R"p' = Ry ' = R^R^ = r/g = R/G = r^^ ohms ^ (105) 
o'g' = p" g" = cosh 9 — 1 = versh 9 = 2 sinh^^ numeric (106) 
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ArtijidaJ Limf*. — Artificial lioea are either single- or doubl^l 
wire lioes. accordtng as they ore of the tel^raphic or tel^| 
pbook type. All (kiuble-wire artificial lines may be divided 
sj-DunetricaUy into a pair of single-wire lines, each operatefl 
to neDtral or iero-pot«nlial plane in ibe manner indicated ill 
Figs. 11 and 12. Conaeqaently, it is only necessary to discu«l 
the behaviour of single-wire artificial lines. In the continuoos-l 
current case, such lines are made up of uniform sectioue oU 
line resistance in series, and leakance in derivation. A pai>J 
ticnlar case of such an artificial line of five sections is illustratefl 
in Figs. 17, IH and VJ. Each section consists of a symmetricdH 
T having 250 ohms in each arm, and a leak of 250 micromhoM 
in the staff. CoQsei|uently, by what has been seen in relatioaS 
to the equivalence of a uniform line to a given symmetrical T^m 
it follows that each such section is externally equivalent uM 
a. corresponding section of uniform line with distributed resist-l 
ance and leakance. Applying formulas (83j and (88) to thtM 
case of Fig. 17, we find for the equivalent line section — 0'3517Sfl 
byp. and r^ = 1436*13 ohms. The whole line, therefore, subtendlH 
an angle of 17586 hyps, at A. The secondary constants of tb^B 
equivalent uniform line are by (72) and (73), R = 252o'5 ohorij 
and G = 122495 millimho. In the arliticial line there ar^B 
actually 2500 ohms in series- resistance iind 125 niillimhos ofl 
total leakance. H 

The artificial line, therefore, behaves extenially in the steadjfl 
Htatc exactly like a uniform distributed -constant line of l'7a84l 
hyps, and 143613 ohms surge-resistance. In Fig. 17 the artifl 
ficial line is grounded at the distant end B, and 100 voltdB 
potential is applied at A. The currents and potentials arffl 
indicated in the various elements of the line by Ohm's lavM 
computation; but they also conform to the hyperbolic trigoH 
nometry of a single uniform line at the ends A and B. H 

Moreover, at each junction between sections, marked respectfl 
ivoly 1, 2, 3 and 4 in Fig. 17, the hyperbolic angle ia indicatedfl 
and corresponds to like symmetrical points along the equivalent! 
uniform line; so that the potential and current distribution^^ 
along the artificial line conform precisely to those on th^| 
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equivalent uniform liue, not merely at the two ends A ant 
but also at the four section-junctions; or at »ix points in alt. 
In order, therefore, to compute trigonometrical ly the distri- 
bution of current or potential at any point on the artificial 
line, say at the second leak, it is only necessary to compute the 
corresponding condition at the nearest equiangular point on 
the uniform equivalent line, by formulas already given, and 
then to apply Ohm's law over the interveninjj serai-section of 
line-resistance or arm of a T. This trigonometrical method 
of computing the distribution is, in general, much less laborious 
than that of working along the artificial line from either end 
by Ohm's law — tl>at is, the trigonometrical method is a labour- 
saving device in the continuous- current case, and would also 
be so in any alternating- current case, if the proper hyperbolic- 
function Tables were available. 

In Fig. 18 the ariificial line is freed at the end B with an 
impressed potential of 100 volts at A. The distribution of 
potential and current over the artificial line agrees with that 
of the above-mentioned equivalent distributed -constant line at 
the ends, and at the four section -junctions. 

If we plot the potential along the line as ordinates to line 
angle or length aa abscissas, we shall have a true catenary 
falling from 100 to 33'461 volts, for the graph in the case of 
the real line ; whereas we shall have a broken line or series 
of descending straight linos falling from 100 to 33'4C1 volts for 
the graph in the case of the artificial line. The true catenaiy 
will cut these stmight lines at points corresponding to section- 
junction points. (See Appendix F.) 

The broken straight line is, in fact, the funicular polygtxi 
obtaintd by lumping the masses symmetrically at the centres 
of the equivalent catenary- sect ions. 

In Fig. 19 the artificial line is grounded at the end B 

through a resistance of 750 ohms. The effect is just the same 

as though the equivalent real line were so grounded. The 

equivalent angle subtended by the terminal load resistance is 

I O'^O'STfJil hyp,, and the angles of all equivalent points along 

L J 
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the artificial and equivalent real lines are increased by this 
amount in the manner indicated. 

An alternative method of dealing trigonometrically with the 
distribution of potential and current over an artificial line, by 
the use of continued fractions, is discussed in Appendix F. 
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The next step is to divide the loads E into two halves, of 
a ohms each, and to add a on to each arm of the equivalent T, 
as indicated on the third row of Fig. 20. The extended T 
which now inchides half a load at each end, has a resistuice 
of p' = 349"985 ohms in each arm, and ihe same leak resist- 
ance as before, R'= ■1000-22 ohms. The entire loaded line 
may now be regarded as made up of sections of these extended 
T'b. We now proceed to find by formulas (84) and (89) the 
characteristics of the sections of nniform line equivalent to 
the extended T's. As shown ou the lowest row of Fig. 20 
this is found to be fl,= 0-41532 hyp., and rj= 1700-54 ohms. 
The conductor-resistance corresponding to such a section is 
)•/ 6,— 7l0'06 ohms, a virtual increase of 204-96 ohms; while 
the corresponding section leakance is 6Jr\= 242-91 micromhos, 
or a virtual reduction of 2-05 micromhos. 

It is self-evident that if the 200 additional ohms of load- 
resistance per section had been inserted by uniform distribution 
instead of in lumps, there would have been only 200 ohms 
increase in the section R, with no change in the section G. 
Consequently, the effect of inserting the ailded resistance in 
lumps at 100 km. intervals ia a virtual increase of 496 ohms 
of line -resistance per section, together with a shght virtual 
reduction in leakance. The steps of the process also indicate 
that for a given amount of additional resistance to be inserted 
at regular intervals into a line, the shorter the interval, the 
smaller is the inserted load, and the smaller the change in 
the extension of the equivalent T's; whereas with long sections, 
lai^e loads must be inserted at their junctions. The extensions 
of the equivalent 7"s are then correspondingly enlarged, with 
iocreased effect on the line angle, and on the virtual extra 
resistance of the loads due to their himpiness. 

If 6 be the angle of a section before loading (hyps.) 

„ S, ., ,. ., ., after 

„ So , surge- resistance of the line before loading (ohms) 

» V 1, i> ,1 ., after ,, „ 

„ 2.' = 2a be the resistance of each series load (ohms), 
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then the process above outlined leads to the following results — 

g g I a coth ^ 
sinh -^ = sinh -y 1 H numeric (107) 

a tanb 



0. , e^. . --""2 



cosh ^' = cosh -^y l-\ • • • . • " (1^^) 



^o 



tanh ^ = tanh — 




= w tanh ^ . tanh ( ^ + dj . . . numeric (109) 
if - = tanh d. 

In the continuous-current case, if a > z^, let — = coth d. 

z 



Then coth ' = yJcoih ^ . coth (-^ + dj . numeric (110) 



Also — 



sinh e, = sinh 6 J 1 +^^ coth 6 + (^J . „ (111) 

cosh 0,= cosh e+ ^ sinh „ (112)* 



«o 



' = ^ J(tanh I + |-)(coth I + f ) . ohms (118) 

' o o 

= 2^1+-^ coth + (J-)'. ... „ (114) 

' o o 

z' sinh d. • /ii -X 

or — -^ = — i— TT numeric (llo) 

2J^ s.nh ^ ^ 

Consequently, the characteristics 6^ and s'^ of a section after 
loading can always be computed when the value 2 of each 

♦ Formula 112 was first published by Dr. G. A. Campbell. See 
Bibliography, 27. 
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resistance- load is given, iis well as the characteristic constants 
6 and z^ of the section before loadiug. On the other hand, if 
the resistance of the load were distributed uniformly over the 
section, the effect would evidently be to increase $ and z^ in 
the same ratio; that is— 

B(gular Leak Loading. — If as indicated on the first row of 
Fig. 21, equal leakances of conductance F mhos are inserted 
at uniform angular distances hyps, along a line, the surge- 
resistance of which is z^ ohms ; we may proceed to determine 
the effect of this loading on the line characteristics. 

The first step is to break each load into halves of cooductanoe 
y mhos {F = 2^), as on the second row of Fig. 21. 

The next step is to find the equivalent 12 of each unloaded 
section of line, as on the third row of Fig. 21, with the aid of 
formulas (75) and (76). 

We now extend each section 77 by adding the leak y to 
each pillar conductance, as indicated in Fig. 21, at the fourth 
row ; where — 

Ua = 'j" -^7 ™bo3 (117) 

The extended 77's will now subtend a new angle 9^, which 
we proceed to find by reverting them to their corresponding 
, uniform line-sections, using (95) and (99), 

In the case represented in Fig, 21, each leak V haa a 
conductance of 0"096971 millimho, and the line-sections are 
the same as in Fig. 20. The final equivalent line-section angle 
is 9, = 0'41532 hyp., and the surge-resistance 1206-4 ohms. 

With the notation of (107) we find — 

g /I +y^= coth -^ 

tanh— / -^ numeric (118) 

J l+yz„tanh ^ 

^tanh|tanh(^ -1- a) . . ., (119) 




I 
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if j/j^ = taah d, afld — 

z, 

J\\ + yz^ tanh ^j\\ + yz^ cotli ^ j 



iMiifiim 
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*— J) = U'- 
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* Hegular leak loads y produce the same effect on the line 
section-angle as regular series loads a, when — 

_ - = s^ ohms (121) 

L . y _ 

^H The final sur^c-iesiatances in the two cases will not, howevLT, 
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be tLe same, but their geometrical mean will be the original 
or unloaded siirge-resistance. 

It follows from the preceding formulas that every regularly 
loaded line can be replaceil by an equivalent uniform unloaded 
line of the same length, which, in turn, can be completely 
replaced for all external purposes by a certain equivalent T, 
and corresponding equivalent 11. 

The effect of loading a line at regular intervals, either with 
series resistances, or with leaks, is always to increase the 
angle 6 of the line, and reduce its normal attenuation- factor er*, 
in the continuous-current case ; besides the effect of long 
intervals between loads, or lumpiness, which exaggerates the 
influence. In the alternating- current case, it will be seen that 
loading always increases the numerical hyperbolic angle of the 
line ; but by no means always reduces the normal attenuation- 
factor. 

It may also be pointed out that, as a consequence deducible 
from (120)— 

z' 3inli 9 



sinh 6 



Jig' sinh 6 J 



sinh 6 



numeric /_ {I2|ia) 



I (120S) 



a relation inverse to that which exists, by (115), for the case of 
regular series loading. In language, when a line is subjected 
to regular series loading, the ratio of the new to the old surge 
impedance, at any midload point, is the ratio of the sine of the 
new, to the sine of the old section- angle. Whereas, when a 
line is subjected to regular leak loading, the corresponding 
ratio is the ratio of the sine of the old to the sine of the new 
section -angle. In other words, the ratio of surge admittances 
with leak loading corresponds to the ratio of surge impedances 
with series lojiding. 




In tlie discussiou wliicli has preceded, all the quantities 
employed havo been simple "real" numerical quantities, 
comprised between the limits of — oc and + a: ; so that they 
are capable of being represented geometrically by their positions 
on a single graduated straight line ; i. e. by their assignment in 
one dimensional space. 

It is, however, a seemingly universal and a wonderful law, 
that all the numerical formulas and rules of quantitative 
behaviour for continuous-current circuits, or conductors, are 
exactly the same for single frequency alternating-current 
circuits or conductors, in respect to potentials and currents as 
also (with minor reservations) to power and energy, if these 
formulas and rules are interpreted as relating to complex 
numbers ; or such numbers as are represented by their positions 
on a single graduated plane; i.e. by their assignment in two- 
dimensional space.* 

The importance of this law will be evident, when it is 
recognized that each and all of the formulas hitherto discussed 
in relation to continuous-current lines and systems, are 
immediately applicable, without any change in notation, to 
alternating-current lines and systems, provided that we extend 
the meaning of the notation to include two-dimensional 
numbers instead of one -dimensional numbers. From this 
standpoint, it will be seen that we have already dealt with 
alternating- current lines and systems unawares, and that the 
continuous-current case ia merely the particular case, in each 
formula, when the numerical quantities it employs degrade into 
ordinary one -dimensional numbers. 

• See BiUioyi-apliy, 6, 9, 9«, 10, 17, (il!. 
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There is, moreover, a great advantage in dealing first with the 
hyperbolic trigonometry of continuous-current lines; because 
one-dimensional arithmetic is e^asier to grasp and follow than 
two-dimensional arithmetic. On this account, our ideas are 
limned more clearly, and our advance proceeds more surely, 
when we deal first with the problem on the one-dimensional 
aspect which the continuous-current case supplies. After having 
mastered the subject in one dimension, we are in a strong 
position to attack the vastly wider two-dimensional fields, 
which alternating-current cases offer successively to our mental 
vision. We need never have doubts or fears as to the safe road 
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Fk;. 22. — Geometrical lleprescntation of Simple Numbers. 

to pursue in our advance on a two-dimensional problem, if our 
formulas and weapons of attack have been forged on the one- 
dimensional hearth. 

Whenever a new problem arises in alternating-current 
technology, whether it is more conveniently dealt with by 
hyperbolic trigonometry or not, the safe rule is to find the 
corresponding problem in continuous-current technology, and 
solve it there by simple one-dimensional arithmetic. The 
equations and formulas of the continuous-current solution then 
apply to the alternating-current solution, by extending their 
meaning into two-dimensional arithmetic. 

Simple and Complex Numbers, — In Fig. 22, three simple 
numbers are represented geometrically, namely Oa = — 2, 
Ob = -f 1*5, and Oc = + 3. These numbers all lie in one 
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direction, across the page, in the plane of the paper, and positive 
numbers are directed towards the right hand. All simple 
arithmetical operations upon such one-dimensional numbers, 
such as addition, subtraction, multiplication, division, powers, 
roots, etc., beget other one-dimensional numbers, so that all 
simple arithmetic belongs to the one-dimensional system, or to 
a single straight line in space. Any convenient straight line in 
space will serve as the line of reference. It is convenient to 






...<«- 



Fig. 23. — Geometrical Representation of Complex Numbers. 

take the line across the page ; but the selected line might be, 
say, at right angles to this, or up and down the page. 

Three complex numbers are also represented in Fig. 23, 
namely OA = 2 /45^ OB = lV~eO° and OC = 30\120^* It 
will be seen that each number has appended to it a circular 
angle, which defines the direction of the line representing the 
number in the single plane of reference, with respect to an 
initial direction of reference therein. We are at liberty to 
choose any convenient plane, and any convenient direction of 

* In what follows, A / /3 has the same meaning as A cis /3 or AeJfi in 
regular mathematical notations, and may be regarded as a convenient 
abbreviation J or either of these forms of expression. The modulus A 
is the length-factor, or tensor, and the argument fi is the circular-angle- 
factor, or versor, of the complex number. 

E 2 



52 APPLICATION OF HYPERBOLIC FUNCTIONS 

reference in the same. It la convenient to select the plane of 
the page, ami the directioD parallel to the lines across the page 
as the direction of reference. From this standpoiat, all simple 
mimbera, as in Fig. 22. are mirabers having the angle /O". 

Complex numbers are sometimes called plane-vectors or, for 
hrevity, vectors. They must, however, be carefiillydistinguished 
from three-dimensional vectors. 

It is also to be noted that negative signs are not indispensable 
when writing or specifying individual complex numbers. The 





Frii. -24.— Vector Sum of Two Compli 



angle inseparably attached to each number is sufficient to define 
iegative direction. Thus 10 \ 18Q° i3 the same as — 10 /0°. We 
may, therefore, use negative signs or not, as may be convenient. 
In Fig. 23, we might express C as — 3*0 x B, if desired. 

Addition of Complex Kumhtrs. — When two complex numbers 
are ailded together geometrically, one of them is transferred to 
the end of the other, and the new number, or sum, is that 
corresponding to a line drawn from the origin of the latter to 
the free end of the former so transferred. Thus in Fig. 24 
2/45^-J- ] W"=OB = 1-991/16^. Again 1 \60' -F 30 \120^ 
: OC = 2'0\12O°. Tiiis process of adding on one vector to 
the end of another is aplly described as geomelrical addititm. 
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I By successive additions of complex numbers, any or all parts of 

r the plane of reference may be invaded. 

Tbe process of vector addition, or geometrical addition, of 
complex uumbers is easily conducted by a draughtsman at the 
drawing-board ; but in order to be carried out numerically, it is 
desirable to a-nalyse the complex numbers into components. A 
comples number is most conveniently analysed into two 
mutually perpendicular components, one in the direction of 
reference, or across tbe page, and the other up and down the 

t.page. These components are called respectively the real and 
imaginary components of the complex number, the terms having 
been bestowed by algebraists from the standpoint of one- 
dimensional arithmetic. The rule for the analysis of any 
number of length or mod'ulus A and angle or argument ^ is by 
circular trigonometry — 

IA/^= AcoB^+>* Asln^ .... cm. /. (122) 
it being understood that we are discussing the complex number 
in geometrical terms. Th\is, in Fig. 23, the number A is 1414 
+ yi-4.14; OE is 0-5 -y 0-866; OC is - 1-50 -l-y 2-6. The 
eyniboiy here indicates that the quantity to which it is prefixed 
is to be measured upwards along the " imaginary " axis. The 
sign —J prefixed to a number means that it is to be measured 
downwards along the imaginary axis. They " operator " is thus 
an operator which, when applied to a line, representing a 
number, rotates it in the positive or counter-clockwise direction 
through 90°, or ji/'2 circular radians, in the plane of reference. 
Two successive applications of they operator thus reverse the 
I direction of a line, or rotate it through 180° ; so that J X j or 
I equivalent to giving the negative sign to a complex 
■ number without changing its angle. Thus we have tbe well- 
It known relation — 

j= J—1 . . . numeric £_ (1-3) 
uid— yj = — I. yi = + 1, ys = — y, and so on. 

To find the sum of a pIurfiHty of complex numbers, we add 

their real components, and also their imaginary components. 

ask'ad of t as in niathei 
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Thus in Fig. 23, OA + OB + OC, becomes in Fig. 25, DA + AB 
+ BC = (1-414 + 0-5 - 1-50) +y(l-414 - 0'866 + 2-60) 

= 0-414 +y3-148 
= OC = 3•175/82•o^ 

where OC is the vector sum of OA, OB, and OC, the three 
complex numbers in Fig. 23. 

In order to resolve the components of a complex quantity 
into a plane vector, let ± .c be the real component and ±jy 

C 




Fio. 25. — Vector Sum of Three Complex 

Nainbers. 

the imaginary component, A / ^, the resultant complex number. 
Then by circular trigonometiy and (122) — 

A = Jx^ + y^ ' ' modulus, cm. (124) 

and — j8 = tan ~\^^^ j argument, radians (125) 

Thus in Fig. 25, with x* = + 0*414, and y = +^3-148, we have 



A = VO-4142 + 3-1482 = ^01714 + 9-9099 = ^10-0813 

= 3-1751, 
and /S = tan -1 (+ 3-148 /+ 414) = tan -i (+ 7-604) 

= 82° 30' or 82-5°. 



I 
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SuMraclion I'f Complex Miwtfers.— Subtraction of one complex 
number A^/ ^^ from another A,/ ^, merely requires that the 
negative sign be given to the former, or that, without change 
of sign, its angle / ^^ be changed by 180*", and addition then 
follows. On the drawing-board, this ia perlbrmed by first laying 
off Aj/ ^j and then adding -A^/ ff^ to the end of it. In order 
to perform the operation arithmetically, each vector ia analysed 
into its components, and the subtraction then proceeds along 
each axis, as in one -dimensional arithmetic. Thus if Aj/j?, 
^±^\±j>lt!>.-aA kj_^^= ±x._±j,j^. Then AJJ^- Aj'^, 
= ±C«, -^-s) t/Cy, -y,)= ±X ±jY. 

Mullipliration of Complex lumbers. — The multiplication of 
complex numbers in any order is effected by multiplying 
together their lengths or moduli, as in oue-dimensioual 
arithmetic, and adding their angles. 

Thus if A( /^i and A^ //S., are the two numbers to be multiplied 
together, and A /fi the product, we liave — 
A //* = A, /^, X Aj //fj 

= Ai A^ // Ji + ffg . uumeric I (126) 
Thus if A, jp^ = OA Fig. 23 = 2 /45^, 
and Aj /^^ = OB „ ,. = 1 \60T 
then the product A Ifi is 2^15°. 

If the two complex numbers to be multiplied are analysed 
into components, the multiplication may be effected, although 
less conveniently, by the rules of algebra. Thus if (±Xi ±jl/^ 
and (± «2 ij)/i} be the two numbers, their product will be — 

Seeiproeal of a Complex Nuviher. — The reciprocal of a complex 
number has for its modulus the arithmetical reciprocal of the 
modulus of the number, and for its argument the negative 
value of the argument of the number. Thus, if A /^ is the 



complex number, its reciprocal will be (-j-j \^ = [jr] 
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If the coranli'x muiibor 'm say 10 /"iO", its reciprocal wll 
be 01 \20^. 

If the number whose reciprocal is required, be analysed itjUj 
components in the furin {±:''±jy), its reciprocal will be I 

- . This may be reduced to the original form, by I 

multiplying both numerator and denominator by i±x^Jfiy 

The result is ±-^?-4^ = ± (-y^ ^j(^^) " 

Divisioii of CoiiipU.r Numbers. — Division of complex numbers 
can always be effected by taking the reciprocal of the divisOT 
according to the last preceding rule, and then multiplying this 
reciprocal into the dividend. Thus if A, /^^ has to be divided 

by A3 /£^ the quotient is (^\ /^, - j3 ^ = A /^. If A, /^ and 
Aj /^2 are OA and OB of Fig. 23 respectively, the quotient 
is 2 "l0.i°. 

Fmotrs and Eooia of Complex A'umbeiV. — The «th iK>wer of a 
complex number is farmed by the nth arithmetical power of 
the modiilua, and multiplying the argument by n. That is- 

( A /^" = A" /?i^ . . , numeric^ (127) 

Similarly, the vith root of a complex number is formed by, 
taking the wth arithmetical root of the modulus, and dividing, 
the argument by n. That is — 

V'fAT^) = (A /£V' = A" y^^ . numeric Z. (128) 

Summing up, we may say that two-dimensional arithmetic 
is performed by rules which degnnle into those of ordinary 
one -dimensional arithmetic when the arguments are all zero. 
When adding or subtracting complex numbers numerically, it 
desirable to analyse them into components ; but when multiply- 
ing and dividing them, or when taking powers ami roots, it ia 
desirable to express them in angular form. 

THgonoimtrical Functions of Complex' Angha. — We have 
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already seen that in the case of a simple augle in generalized 
trigonometry (Figs. 1 and 2), the circiiUr functions can be read 
from a circle diagram (Fig. 1), and the hyperbolic functions from 
corresponding elements of a hyperbola diagram (Fig. 2), When 
the angle to be dealt with is complex, or of the type (x +jy) 
radians, both the circular and the hyperbolic functions can be 
derived from a mixed circle and hyperbola diagram. 

Circular Functions of a Complex An^le. Construction for 
sin (x ±jy), Fig. 26.*— Take OA = 1 along tlie negative end of 




Fio. 26,— Construction for Sin (* ± jy) and Siii-i {x ± jy). 



the Y-axis. From OA as initial line, mark off the circular angle x 
and sector area AOB = r, - From OB as initial line, maik off 



the hyperbolic angle y and sector area BOD = 



Let C be 



the foot of the perpendicular from D on OB produced. Drop 
perpendiculars from C and D on the axis of reals OX, at c and 
d respectively. About c as centre, rotate cd positively through 
90° to cZ. Then will the complex vector OZ = Oc +jcd be 
the required circular sine of the complex angle x +jy radians 

* See Biljliography, 31. 
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In tlie case represented, sin (1 +^1) = 1'299 +/0'635 = 
1 -Wd /26'05". As y varies, Z moves along the hyperbola — 
X* _ Y* 

sin* X cos* X 
as X varies, Z moves along the ellipse— 



= 1 . 



m? L (129) 



_x* , _K!_. 

cosh*y sinh^y 



■■ 1. 



cm.* i_ (130) 
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From the same figure we have also, if Oc = w and cZ =_;'» 
in-> OZ = sin-'0t±yi') = ain-iO6 Ijcosh* OE 



^.„,b-.|^^aT^±Z+V(rzai±Z}. „„. ^ (131, 

CwisiriicittMi /or Cos (x -\-jy). Fig. 27. — Take OA = 1 along 
the positive end of the axis of reals. From OA as initial line, 

mark off the circular angle x or the sector area AOB = -. etc, 

precisely as in the preceding paragraph. The complex vcq^qc 
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OZ = Oc +jcd thus obtained will be the required circular 
cosine of the complex angle (x +jy) radians. 

In the case represented — 

cos (1 +jl) = 0-834 -yO-989 = 1*293 49-866*. 
As 1/ varies, Z moves along the hyperbola — 

-2 ^2- = l. • . . cm.2 /^ (132) 

cos^ X sm^ X i- \ / 

As X varies, Z moves along the ellipse (130). 

From the figure — 
cos "^ OZ = cos"^ (to ± jv) = cos~^ 0& ^ cosh"^ OE 



^ eos-i M^ + ^)' + ^' - s/i^ " ^)' + ^' 1 



jcosh-M ^^ ^ ^ ^-^^^ \ ' cm. /_ (133) 

Hyperbolic Functions of a Complex Angle, Construction for 
Sink (x ± jy). Fig. 28. — Take A = 1 along the positive end 
of the axis of reals. From OA as initial line, mark oflF the 

circular angle y and sector area AOB = ^. From OB as initial 
line, mark off the hyperbolic angle x and sector area BOD 



X 



=—• Let C be the foot of the perpendicular from D on OB 

produced. Drop perpendiculars from C and D on the axis of 
imaginary OY, at c and d respectively. About c as centre, 
rotate cd negatively, or clockwise, through 90° to cZ. Then will 
the complex vector OZ be the required hyperbolic sine of the 
complex angle x + jy radians. 

In the case presented in Fig. 28, sinh(l +^1) = 0635 
+^1-2985 = 1 •446 /63-95°. As x varies, Z moves along the 

hyperbola Tibz, As y varies Z moves along the ellipse XEa;^. 
Both the ellipse and the hyperbola have foci at F and /, points 
situated at unit distances from O on the Y axis. 



60 APPLICATION OF HYPERBOLIC FUNCTIONS 
From the same figure, if cZ = u, and Oc =/r, wa liave — 




Fig. 28. — Graphical CoustruclionB for Sinh (x ± j» and Sinh-i (ji ± jy). 

Construction for Oosh {x -i-Jy). Fig. 29. — Take OA = 1 along 

the positive end of the axis of reals. From OA as initial line, 

mark off the circular angle y, or the sector area AOB = |. 
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From OB as initial line, mark ofF the hyperbolic angle x and 

the sector area BOD = 

eular from D on OB produced. Drop perpendiculars from C 
and D on the axis of reals OX, at c and d, respectively. About 




Fio. 29. — Graphioal Constructbus for Cosh {x ± jy) and Coah -i (a; ± ;'»). 



c as centre, rotate cd negatively, or clockwise, through 90° to 
cZ. Then will the complex vector OZ = Oc-^jcd be the 
required hyperbolic cosine of the complex angle x -\-jy radians. 
In the case represented, cosh (1 +yi) = 0'834 +yo-989 
= l'293 /49'866 °. As x varies, Z moves along the hyperbola 
Zbz. As y varies, Z moves along the ellipse EZes. Both 
ellipse and hyperbola have foci at a and A, points on the real 
axis equally remote from 0. 



/ 
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From the same figure, if Oc = u and cZ =jv, we have — 
cosh- ^ (w ± /y) = cosh-^ i >" "^ ^ - - —^ — | - 

^cos 1^ 2 J 

=^x ±jy hyp. radians /. (135) 

ConstToction for Tanh (x +jyy Fig. 30. — Mark off on the 
axis of reals xOX, two points T and X, such that the 
former is distant by tanh x and the latter by coth x from 
the origin O. Find the point C midway between T and X. 
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Fig. 30.— -Graphical Constructions for Tanh (x ±jy) and Tanh-l (x ±jy). 

This point will incidentally be distant coth 2aj from O. With 
centre C and radius CT = cosech 2ic, draw the circle TXZ. 
Mark off on the axis of imaginaries yOY two points t and y, 
such that the former is distant by tan y and the latter cot y 
from the origin O. Find the point c midway between t and y. 
This point will incidentally be distant cot 2y from 0. With 
centre c and radius ct = cosec 2y, draw the circle HykL This 
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Fio. 81.— Loci of Sinh B Tor (he Imaginarj-Eeal Ralio» 1, !, 3, 4 and 10. 



Fio. 32.— Loci of Cosh 9 for the Imsj^nary-Beal Ratio* I, 2, 3, i anl 10. 
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circle will cut tbe axia of reaU at two points A and B distant 
each one unit from 0. It will also intersect the circle TXZ 
orthogonally in Z. Connect OZ. This vector OZ is the required 
hyperbolic tangent of the angle x ■\-jy radians. 

\a tlie case presented in Fig. 30, tanh (1 +jl) = 1-084 
-f-_;027l8= 1-118/140 




Fio. 33.— Loci of Tanli 6 for the Iinftginary-K«d Ratios 1, 2, 3, 4 and 10. 

As X varies, Z moves along the circle A(B. As y varies, 
Z moves along the circle TZX, performing one complete 
revolution for each n units of increase in y. 
From the same figure, if OZ = k ± jv, 



tanh-^(it ±,jv) ■■ 



■*i»&V(r 



1 (1 + »)'+ «' 



»)" + 



?± 



= x±jy . . . . radians /_ (136) 
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Prt leipal Fmrn. las for Dt ivi ig tlte Hyperbolic Fandicms of 
Complex Angles — As distinguished from constructions for the 




Fio. 34. — Loci of Sech t for the Imaginary-Eeal Ratios 1, 2, 3, i and 10. 

hyperbolic functions of complex angles, the following are amon::; 

the most important formulas for computing them — 

sinh {x ±jy) = sinh x coshyy ± cosh x sinhyy , . . (137) 
= sinh a; cos y ±ycosh a; sin y .... (138) 
= ^8inh^a; + sir^y /± tan~'(coth x tan y) (139) 
=^COsh^,T — cos^y l± tan ~' (coth3; tan y) (140) 

cosh (x ±jy) = cosh x coshjy ± sinh x siah jy . . . (141) 
= cosh X cos y ± jsinh x sin y) . . . . (142) 



: ^cosh^a; 



i^y /± tan-i(tanha.-tan y) (143) 



= :^sinh^ x -t- cos'' y j± tan~'(tnnha: tan»/) (144) 

sinh 2x , . sin 2v „ , _, 
■■ (145) 



tanh (X ±Jy) = eosh a« ^- cos 2y ^ -^ cosh 2^ + cos 2 y ' 
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It is evident that the values of the complex hyperbolic 
functions may be computed and tabulated either for vaTjiDg 
values of x and y • or for varying values of A and ^, the 
modulus and argument of the angle expressed as a vector. For 
most electrotechnical purposes the latter are the more convenient 




Fir. 35. -Loci or Cosecli 6 for the ImagLnary-R^^al Ratios 1, !, 3, 4 and 10. 

Tables of these functions are still greatly needed. They have 
been pubhshed for the particular case of ^=4i5°.t Other 
tables are in course of preparation. 



Since— 



sinh G 



nye . 



(U6) 



• Tables of sinli (a; + jy) anj coali {x + jy) oi 
been published by Prof. James McMuIinn and 
Co., Sehenectady (N.Y.). See Biblic^raphy, 15 ai 

t S«e Biblic^raphy, 33 and 63. 
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aiDe = -^sinhyO (147) 

cosh e = coajB (148) 

cosfl = cosh^e (149) 

where ia any angle, simple or complex, it follows that tahles 
of complex hyperholic fuuctions caa be used, with a little 

' 1 1 I 1 1 H-' 




Fig. 38.— Loci of Coth fl for the Imaginary -Real Ratios 1, 2, 3, 4 and 10. 



extra trouble, as tables of complex circular functions, and 
reciprocally. 

Figs. 31 to 36 indicate the vector values of complex hyper- 
bolic functions for the five values of P whose tangents are 
1, 2, 3, 4 and 10 respectively (/? = 45°, 63-43", 7157°, 7597°, 
and Si-ZS") up to A = 1-5. Thus taking Fig 31 the hyp. 
sine of a complex angle 9 = 14/45° or 1-4 /tan'U is found by 
following the heavy curve marked 1 to its intersection with 
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the dotted line 1*4. The intersection marks the complex vector 
required. It is l-43/63-57^ 

Curve-sheets like those of Figs. 31 to 36 can be drawn on 
suitable scales for, say, each degree of fi and each step of 0*1 
or less in modulus A. Such curves extend, theoretically, to 
infinity or cover the XY plane, not only once, but many times 
in succession, if A be taken large enough. 



CHAPTER VI 

THE PROCESS OF BUILDING-UP THE POTENTIAL AND 
CURRENT DISTRIBUTION IN A SIMPLE UNIFORM 
ALTERNATING-CURRENT LINE 

In order to present the application of hyperbolic functions to 
the analysis of alternating-current lines from an alternative and 
illuminating view-point, we shall here discuss the simplest 
elements of electromagnetic wave motion over such lines during 




G- 

Fio 37. — Simple Altemating-Current Circuit. 

the construction period which precedes the steady state. Since, 
however, the steady-state distribution is the object of our 
investigation, and the preceding unsteady state demands a like 
share of analysis for its investigation, we shall pass over the 
latter very briefly, and make certain assumptions as postulates 
which may be readily verified. 

Fig. 37 presents the essential elements of a simple a.c. (alter- 

69 
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natiiig current) circuit. The line AB is uniform, and has 
uniformly distributed secondary constants; namely — 

r = linear resistance (ohms per wire-km.) 

I = „ inductance (lienrys „ „ ) 

g = „ conductance (mhos „ „ ) 

c =z „ capacitance (farads „ „ ) 

/ = the frequency of the impressed e.m.f. (cycles per second) 

CO = the angular velocity (radians per second) = 27r/. 

z = (r +jlo)) linear conductor impedance (ohms per wire-km.) 

y = (g +jc(i)) „ dielectric admittance (mhos „ „ ) 

a = ^z,i/ = ^(r~+jl(x)) (g +jc(o) . hyps, per wire-km. (150) 
will then be the attenuation-constant or linear hyp. angle of 
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Fig. 38.— Analysis of the Vector Attenuation-Constant OA «> a into the reaX 
part OB = tti and the imaginary part BA = og. 

the line. It is a vector possessing components a^ +ja^] so 
that (Fig. 88)— 

a/p = a^ +j\ . . . hyps, per wire-km. (151) 
The imaginary component Og of a hyperbolic angle a has the 
properties of a circular angle. Again the surge-impedance 
of the line is — 



^o 



The hyperbolic angle of the line will be — 

e/p = J.a/p = L (a, +ja,) =^Z7r = 0, +je,. hyps. (153) 
Where L is the line-length in km., Z is the total conductor 
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iinpedaDce of the line or L (r +jl(o) = Itz ohms and Y is the 
total dielectric admittance of the line, or It (g +jc(o) = Ly 
mhos. The real part Oi of the complex angle is expressible in 
hyperbolic radians, and the imaginary part in circular radians. 

It will be seen that (153) is merely a restatement of (19), 
(152) of (18), and (150) of (17) with two-dimensional signifi- 
cation. In other words, formulas (17), (18), and (19) for 
continuous-current circuits apply to the alternating-current 
case here to be discussed, when interpreted as involving com- 
plex resistances or impedances, and complex conductances or 
admittances. We use, therefore, z for r, Z for R, y for g, and 
Y for G, in order to emphasize the two-dimensional meaning ; 
but we may use all the preceding continuous-current formulas 
unchanged, if we keep the vectorial interpretation before the 
mind. 

The significance attached to the linear angle or vector 
attenuation-constant a, is that any wave of potential or current 
running along the uniform line, shrinks or attenuates by the 
linear attenuation- factor £"• in each unit of length (miles or 
km.), for the particular a.c. frequency under consideration. If 
then, when starting, at end A, a wave of potential or current 
has a value taken as unity, it will, after having run 1 km., 
have dwindled to £"*, after 2 km. to e-*.e-*=e~^*, after n km. 
to £■""*, and just before arriving at B, to e-^'*= £~^, where 
is the line angle. 

^ / , N numeric , /, ., .v 
But £-« = £-(«i+^«2) = £-*i X £~-^«^ . . — r Z. (lo4) 

so that £"* is the product of two factors, namely, e~^^, which 
is a real numeric, and fi"-'*^, which is an angle, and may be 
written — 

e-J<^ = / — ag =\a^ . . . radians (155) 

Consequently, we may write — 

r — numeric , ,., ^^. 

£-a = e-i\a2 .... km. ^ ^^^^^ 



and— e-^=!e-*»\ = -^*i \Lao . numeric^ (157) 
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The normal attenuation -factor of the line c"*, which is also the 
inevitable attenuation- factor for any one wave of potential or 
current running over the line, comprises a real component c*^, 
and an imaginary component e"'*". The former is the actual 
numerical attenuation-factor which applies to the amplitnde 
of the wave; while the latter is an angle, and applies only to 
the phase of the wave. If, for the moment, we leave phase 
angles out of consideration, and consider only the shrinkage 
or attenuation of the waves running over the line, then we 
only consider the real component a^ of the attenuation-con- 
stant a, and the real or hyperholic component 0^ of the line 
complex angle 0. 

In practice, an alternating-current line, whether used for 
signal transmission, telegraphy, telephony, etc., may be pro- 
visionally regarded electrically as — ■ 

B very short line if flj ia lesa than O'l, t -»iljeingglenter llian O'BO 

■ short liuB if ,, is between O'l and 0-5, (-9i ,, ,, 0'907 

a line of moderate lengtli if „ ,, O-.l ,, 2-5,e-»\ ,, ,, O'lOO 

alongline if,, „ 2-5 „ 4'0,t-9| ,. ,. 0-020 

« very long linn if,, ia over 4-fl, .-e, beiuR l*sa than 0-020 

it being understood that 0^ depends upon the frequency of 
alternation as well as upon the line-length and secondary 
constants. A given line when used, say, for power transmis- 
sion, ia ordinarily very short with respect to the fundamental 
frequency of the generator applied to it, hut perhaps long to 
some higher harmonic frequency such as the 11th -frequency 
harmonic that the generator may produce. 

The essential difference with respect to attenuation between 
the line-angle 6—^ZY of an a,c. line and that of a c.c. 
(continuous-current) lino S=^R.G. , is that, in the former, 
only the real component cos (?, or B-^, counts, while the latter 
is all real, and all counts. An a.c. line may have a complex 
angle of 50 hyperbolic radians, and yet, if the real component 
is only, say. 2 radians, the line is only of moderate length; 
wherciis a cc. tine of 50 radians would he of enormous elec- 
trical length. As ahove defined, a very short line attenuates 
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waves less than 10 %, so that they arrive at the distant end 
of the line with over 90% of their amplitude at the home 
end. A short line attenuates less than 40 %, so that the wave 
attenuation-factor for one run over the line is over 0*6. A 
moderately long line reduces the wave attenuation-factor to 
something between 0*6 and 0*1. A long line may bring it 
down as low as 2 %, and a very long line to yet lower values. 
These will also be the normal attenuation-factors of the lines 
in their steady a.c. state, i. e, if the terminal-load impedance 
at B is equal to their surge-impedance z^. 

In Fig. 37, let the a.c. generator have negligible impedance, 
and produce a sinusoidal e.m.f., or pure sine wave. If the 
terminal-load impedance Z^ is made infinite, the line is freed 
at B, if it is made zero the line is grounded at B. If it is 
made equal to z^ the line is in the normal state as to attenua- 
tion, the attenuation-factor of the steady state being then the 
same as the attenuation-factor for any single wave in the 
unsteady state. 

The physical significance of the surge-impedance z^ is that, 
at any point, the line oflFers this impedance to an advancing 
wave of the frequency considered. That is, at any point — 

e=^iz^ volts I (158) 

where e and i are the instantaneous values of the potential 
and current strength at the point. Consequently, the surge- 
impedance of the line is not only the natural impedance which 
it offers everywhere to surges of the frequency considered, but 
it is also the initial impedance of the line at the sending end. 
It is, therefore, also the initial sending-end impedmice of the 
line, as distinguished from the impedance which the line offers 
at the sending end in the steady state, when a number of waves 
are merged together. 

The velocity with which any wave of the frequency / runs 
over the line considered, is determined by the relation — 

V = - , . . . km. per second (159) 



km. per second (161) 
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When the linear conductor resistance r and dielectric 
ductance </ are both made equal to zero in (150) we obtain— 

a^ja^'^j'"*/''^ ■ ■ ■ hyps, per km. (160) 
and the velocity over such a line would become — 
1 
^^Jcf ■ 

which for a free uniform line, surrounded by air at all pointB, 
and ignoring inductance within the substance of the wire, is 
known to be the velocity v of " light " in air, or 300,000 km. 
per second, owing to the fundamental relations between the 
inductance and capacity of such a wire. Owing, however, to 
the presence of effective linear resistance of all kinds that dis- 
sipate electromagnetic wave energy into heat in the conductor, 
and to effective linear conductance g, of ail kinds that dissipate 
such energy into heat in the dielectric, the speed of the waves 
drops, even in an aerial line. Moreover, when the dielectric is 
a solid, the free limiting speed of waves is reduced inversely as 
the square root of the specific inductive capacity of the material ; 
80 that with solid -insula ted conductorH, the speed of wave- 
advance may be only a small fraction of 300,000 km. /sec. On 
loaded liues, the wave speed, v = loja^, is artificially reduced 
still more. 

Let us assume a line having at a certain frequency an 
attenuation-constant of a = 0-07675 +y0'7854 hyps, per km. 
Then, in running 1 km, over this line, a wave shrinks in am- 
plitude by g-owa75 Qj, 0-9259, i. e. to 92'59 ^. It also shrinks in 
. phase by 0'7854 radians (ji/4 ^ 45°). This means that it loses 
this phase angle with respect to the phase of the wave then 
being delivered by the generator at A. When a wave of either 
potential or current is delivered to the line, that wave goes 
on with its phase unchanged with respect to its own parts. 
The crest of the wave remains a crest, and a zero-point on 
the wave remains a zero-point. But the generator keeps on 
changing its phase and the phase of the next wave that is 
emitted. Consequently, the wave which has been released and 
is travelling along the line is continually falling further and 
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further behind the instantaneous phase of the generator end. 
It loses (o radians per second, and since the velocity of wave 
transmission is v =(0/0.2 km. per second, the advancing wave 
must lose co/v = a^ radians per km. 

The magnitude and phase relation of a released wave of 
either potential or current as it runs over the first 10 km. 
of the circuit here considered, are indicated in Fig. 39. Assum- 
ing the initial magnitude and phase at start to be represented 




Fig. 39. — Diagram of Relative Maguitudes and Phases of Outgoing "Wave over 
the Line of Fig. 37, for the first ten kilometers. 

by the vector OE, these will have changed, after 1 km., to 
0, 1', an amplitude of 0*926, and a phase lag of 45°. After 
2 km. the vector has become O, 2', with an amplitude of 
(0-926)2 = 0-857, and a lag of 2(45°) = 90°. After running 
10 km. the amplitude vector is O, 10', with an amplitude of 
0*464 and a phase lag of 450°, corresponding to the attenuation- 
factor £ -io(ai 4-/02) = g-ioa Another view of the condition is 
indicated in Fig. 40, where it will be seen that at the point 
BB', 30 km. from A, the wave has fallen 3J complete cycles 
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or 1350° in spiice-phase behind the generator at A, and the 
wave then being emitted. The length of the wave on the 
line must in all cases be — 

;i = — km. (162) 

a relation which holds either for the unsteady or steady state. 
The wave-length may be regurded 
as the distance through which a 
wave must run in order to lose 1 cycle, 
27T radians, or 360° with respect to 
the generator phase. 

The distance L. to which a wave 
must run over a uniform line in order 
that its amplitude may shrink to 
Vfith part (1/2-71828 or 0-3679) will 
evidently be such that L^ = 1 or 
L. = 1/a, .... km. (163) 
Similarly the distance L^ to which 
a wave must run in order to be at- 
tenuated down to ^ amplitude or lose 
50 per cent, will be — 

In the case considered the waves 
would fall to J in 903 km. and to 
Veth in 13 03 km. 

A mechanical model might be 
constructed to illustrate the preced- 
ing principles, in the manner in- 
dicated in Fig. 41.* A wooden shaft 
00' is mounted in a long wooden 
box so as to rotate in bearings at 
"'' „ opposite ends, and so as to be rotated 
0-07675 +7omi'"per kilo- by the external handle H. The 
"" '^' shutter ss, or lid of the box, is 

arranged to slide in a groove at the top, and is geared with the 
Thia ideathae evidently no noveltj. See Biblic^raphy, 34 and 44. 




Fio. iO.— Curve of ■ 
tenuatioD for the first 
kilometers of i 
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handle i[i such a manner that starting closed with tho bandit; 
at the top, it alides, to open the lid, by one wave-length for 
eaeh turn of the handle. Radial pins are then permanently 
inserted in the shaft according to the plan of Figs. 39 and 40: 
i.e. ao spaced angularly as to correspond to the circular 
component a^ of the linear complex angle or attenuation- 
constant, and so spaced longitudinally as to correspond to the 
hyperbolic component a^. If now light falls vertically upon 
the closed lid of the box, and the handle H is slowly turned, 
the lid begins to open and the vertically falling shadow of 



\ 




^'iiiiiiilllillii*' 



each pin begins to execute a simple harmonic motion on the 
floor of the box. The phase and amplitude of this shadow- 
motion at any instant and distance along the model correspond 
to the phase and amplitude of the wave considered in motion 
iver the line, assuming that no reflections occur. 

Terminal Btjkdions. — In what follows it will be assumed 

ihafc when a potential wave, or wave of electric flux, comes to 

open end of a freed line, it is reflected backwards without 

of amplitude, of time, or of velocity, and without anj 

lange of sign. When, however, it comes to a grounded end, 

is reflected back with reversed sign, or 180° change in phase 
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Also, when a current wave, or wave of magnetic flux, comes 
to a grounded end, it is reflected back without any change of 
sign; but when it comes to a freed end, it is reflected back 
with a reversal of sign, or 180° change in phase. The presence 
of the impedanceless generator E in the circuit. Fig. 37, does 
not change these conditions of reflection. The only action of 
the generator, which is siguificnnt in this discussion, is that it 
continually generates an electric disturbance at the home end, 
and seeks to send electromagnetic waves over the line. 

Initial. Disturbances, — If we close the generator switch S at 
the peak of a positive impulse, a wave will immediately be 
urged along the line under the instantaneously applied full 
e.m.f. Along with the normal wave, there will however be an 
exponentially decaying wave which dies out fa.ster than the 
accompanying normal wave element. The first few waves in 
the advancing train will therefore not be sinusoidal; although 
they will tend to recover the sinusoidal form as they advance. 
If, however, we close the generator switch at the moment 
when the generated e.m.f. is passing through zero, there will 
be, in the simplest condition, no abrupt disturbance to the 
system, and the outgoing waves are all sinusoidal. We shall 
assume that the switch is closed at the proper instant to avoid 
initial disturbance, as is always theoretically possible. 

Line Freed at the Distant End. — If the aerial line-length is, 
say, just 300 km., a wave would traverse it in one millisecond, if 
there were no retardation due to attrition in conductor and 
dielectric {^' — o, g—o). We may suppose, for simplicity, that 
the line-length is so chosen that with the actual velocity (nja^, 
the time of one passage, or traverse-time, is just one milli- 
second. 

We now close the switch at A, and the first potential wave 
of the entering wave-train runs along the line undergoing 
attenuation as it runs. Nothing happens at B until after the 
lapse of one millisecond. Then the leading wave arrives, and 
instantly retreats backwards, as though the return were a 
prolongation of the wire that happened to be bent back 
parallel to the actual line. The amplitude of the wave at the 




r 
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start from A was E voita. On arriving at B it had become 
Ec-*, where 6 ia the complex line-angle. But the returning 
wave after reflection also has an amplitude of Ee_g; so that 
after the wave strikes the distant end E, it immediately 
doubles up. or produces an amplitude of 2 Ee-* volts, which 
continues to undergo simple harmonic variation at B. When 
tlje head-wave gets back to A, it goes to ground, and returns 
reflected on the line as — Ee"^ volts. It runs back again to B, 
getting there in three milIisecon<ls from the start. Its condition 
is now —2 Ee""", allowing for the doubling on reflection. It 
returns to A after the total lapse of four miUiseconds, in the 
conditiou — Ee~''*. It goes to ground and comes back instantly 
reversed, or as Es"**, running back to B, where it arrives after 
a total lapse of five milliseconds, in the condition Ee'^jl when 
it doubles up on itself and returns again to A. This state of 
to-and-fro activity continues theoretically for eternity ; but in 
any practical case the residue is insignificant after a compara- 
tively few traverses and milliseconds, owing to the continual 
attrition and attenuation. It is interesting to watch the process 
of accumulation at B. 

We have after the total lapse of 1 millisecond 2 Ec-*voIts /_ 
„ ,, „ 3 milliseconds — 2 Ee-'* „ 

5 „ -K2Ee--'« „ 

7 „ -2Ee-'« „ 

and so on. Each new term is added on to the general 
accumulation, and since each term is a vector, the addition 
must be made vectorially. The total accumulation at B 
becomes then — 

2E(e-» - e-"« -1- c""" -£-''+....) . volts I (165) 
2E«-''(1 - B--' + e--*" -£-"*'+....). „ (166) 

2Ee-' r+7^» " ^^^^> 

,-?-_, = — ?-fl = Esechfi .... „ (168) 

£" + e ' cosh a 

a result which agrees with (22) when that formula is inter- 
preted vectorially. That is, the hyperbolic function fiua 



I 
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put.oulial at B la the steady state b due to the superposition 
uf successive jumps of poteotia!, each smaller than its pre- 
decessor, wliich arrive at diflfereiit amplitudes and phases 
according to a simple exponential law. 

As an example, we may take the case of a submarine cable 
having a linear resistance r = 10 ohms per naut, I = o; 
c = J X 10"' farad per naut, ^ = o,f= 100 cycles per second, 
0) = 628-3 radians per second. If an e.m.f of 100 volts maxi- 
mum cyclic amplitude is applied without initial disturbance 
at A, required to find the potential at the distant free end 
when L, the length of the cable, is 24-906 nauts. Here — 



2= lOj^.y^ 2'094X10-V90', a=N/20-94|9O''x 10"* 
= 0-04576 /iS^ = 0-03236 +^003236 hyps, per naut ; 
2„ = 218^" ohms; 6 = 0-8059 4-y0-8059 = 1-14/45^ hyp. 

The amplitude of the first wave reaching the end B is 
100 e-"'™*\0-8059 radian = 100 £-"*'« \46^ = 44-67 \46^. 
This doubles on arrival and becomes 89-34 46-2^ as indicated 
at 01 in Fig. 42. That is, the first potential wave would build 
up to 89.34 volts amplitude in a simple harmonic motion, and 
if no other waves arrived, the voltage at B would be 89-34/^2 
volts by static voltmeter. The phase of this voltage would 
be 46-2° behind that of the generator at A. The next 
return of the leading wave would be in the condition 
-100 E-***"' \2-4177 = -8-9/138^= +8-9/41 '5°. The 
doubling up of this makes a rise 17-8 /41-5'' volts as indicated 
in the figure at 02. The total harmonic e.m.f. at B is now 
the vector sum of 01 and 02 or 02\ and if no other reflected 
waves arrived, the potential would peribrm this harmonic 
motion at B with a frequency of 100 cycles per second. 
The third return of the leading wave is in the condition 
+ 100 e-*o»5 >;4^02957= 1-78/230^; which contributes on 
doubling, the element 03 = 3-56 /230-9°. At the fourth return 
the condition of the leading wave ia — 100 e-^'^*' \ 5-641 = 
- 0-856 /323-3°, which contributes 0-712 /143^3° volts, The 
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vector addition of all these components is OB = S8'17 \35-0°. 
But by formula (22) the voltage in the steady state at B 
IS E sech e = 100 aech (1-14 /45°) = 100 x 0'882 {35^° = 
88'2\35'0°. Conaequently, neglecting all terms after the 




fourth, the total increment of voltage agrees satisfactorily with 
the value determined by tlje steady-atate formula. 

In the case considered, 6^ the j component of the Iiyp. angle 
of the line, i. e. the circular angle component, ia 0-8059 radians, 
or a little more- than 45° (46'16°). Conaequently the successive 
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increments of voltage, which come at phase intervals of 20j, 
are nearly perpendicular to each other. If, however, the / 
component of the line angle happens to approximate one right 
angle, or any odd number of right angles, the successive 
iDcrements will be nearly in the same phase, so that the final 
distant end voltage will build up: or sech will be greater 
than £~*. This will be particularly the case when 0^ is just 
90°, or the line has one quarter wave-length. If the atteaa- 
ation is small, the successive increments do not rapidly dwindle, 
and being in the same phase, they may build up to a voltage 
greatly in excess of that impressed by the generator on the 
sending end of the line. This effect is called the Feira-»fi- 
effect. While it must occur whenever the line is an odd 
number of quarter wave-lengths, it will only be noticeable as 
an actu:\l increase of potential toward j the distant free end 
when the real component 6, of the line angle is distinctly less 
than the imaginary component 6^. i. e. when the attenuation ■ ■ 
relatively small. No rise of potential can occur towards the 
free distant end of a line in the steady state when 6, is greater 
than 9j. On the other hand when fl^ is made sufficiently 
small, and 6., = 7i!2, the Ferranti-offuct of potential rise can 
theoretically be made indefinitely great, and practically the 
free-end potential can be many times the impressed potential 
at the home end. A small terminal load usually suffices to 
destroy the effect. (See Chapter VII.) 

If on the otiier hand the line has half-wave length, or 
aoy integral multiple thereof (6^ = nn), where n i.s any real 
integer, the successive increments of potential during the 
constructive state arrive in opposite phases; ho that the 
distant end potential does uot tend to build up, even with low 
attenuation. 

By a similar summation of outgoing and reflected waves at 
A, we should find the total amount to E^ volts, or merely that 
impressed by the generator; because each reflection from 
ground at A takes the negative sigu and cancels the effect of 
the arriving potential wave. 

Similarly, if we take the curreut-wave at B, with the line 
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free : on the first arrival, the amplitude is l^e - ^ amperes, 
where — 

Ea 



Io = 



amperes /_ (169) 



is the initial outgoing current at A. But the reflected current- 
wave from the open end at B is immediately —I^&^^y which 
cancels the arrival ; so that the resultant rise of current is nil. 
The same action occurs at each return of the current wave. 
Hence the current remains at zero throughout the steady 
state, as is, of course, the inevitable condition at an open 
end. 

Again, with the distant end B still free, let us trace the 
building-up of current-waves at A. The outgoing wave, as we 
have seen, is I^. On first return from B it has become — l^e~'^, 
which on being reflected from ground at A, takes no change of 
sign, and so doubles the increment to — 2I^€~^^. On second 
return from B it is 4- I^e"^, which likewise doubles at A. 
Continuing this process, the summation at A is — 

Ix = lo - 2I^£-2« + 2I^£-4« - 2I^e-«« + . . . amperes /_ (170) 



= I, {1-26-2^(1- 



-26 



+ e 



-4« __ 



-^»j 


l/ 1 + £-''<' 


-loj 


^ ' 1 


1 e^o + 1 J 


E. 



»> 



»> 



.. (171) 
>. (172) 



- = I - 



'£* — £-*' 



-e 



[e' + e-'j 



z^ coth 6 



- = i^ / coth e 

amperes [_ (173) 
„ ,, (174) 



which agrees with (21) when that formula is interpreted in 
complex numbers. 

Line Ch^ounded at Distant End. — If we ground the line at B, 
the series of reflected current-waves returning to the sending 
end A is the same as in the preceding case (170) except there 
is no change of sign in the successive elements. The sum- 
mation of current at A is then — 



a 2 
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Ia= I, + 2I,e-» + 2I,e-" + 2I,e-«* + . . . amperes /. (175) 
= I Jl+ 2e-»*(l+e-^» + £-'•+.. . „ ,,(176) 



-.Ki^4-M'r^} 



(178) 



= I, coth „ (177) 

= ^ 

z, tanh 6 

which agrees with (24) when that formula is interpreted in 
complex numbers. 

Again, if we ground the line at B, and sum the current-waves 
arriving at B, their conditions are I^e"*, Iofi"*^> ^o®"^, ©tc* 
Being reflected at B without change of sign, they contribute 
doubled increments at B. Hence the summation at B is — 

lB = 2(I,£-^ + I„£-3<> + I^e-^-|- .... . amperes /. (179) 

= 2l^e-\\ + e-2^ + £-^ + „ „ (180) 

_ 21,6-^ _j/ 2 \ I, 

-1 _£-2(»-M£^-£-V~"sinhe • • " » ^oi; 

==;^;sinh"0 '' '' ^^^^^ 

which agrees with (25) when that formula is interpreted in 
complex numbers. 

With the line grounded at B, the potential waves cancel their 
arrivals on each reflection and at each end of the line ; so that 
the summation of potential at the sending end is always Ea, 
and at the receiving end always zero. 

If now the line is grounded at B through an impedance Zr 
ohms, any current- wave on arriving at B is split into two parts; 
namely, a transmitted part which is absorbed to ground without 
further reflection, and a reflected part which goes back as 
though from an open end. Let m be the fraction of the wave 
that is transmitted or the transmission coefficient, and 1— m 
the fraction that is reflected or the reflection coefficient. It 
was shown by Heaviside that in the symbols here used — 

2z 
m = — -°— . . numeric /^ (183) 

^o "T ^r 
'^a "T *r 
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the reflected current-wave retreats with its sign reversed, or 
as with a coeflScient wi — 1. 

The current- wave to ground at B on first arrival is ml^e-^ 
and (wi — 1)1^6"^ goes back to A. It reaches A in the condition 
(m— 1)Iq£~^^, and is reflected back to B without change of 
sign. It arrives at B for the second time in the condition 
(in — l)I^e'^. Of this 771(^ — 1)1^6-^ is absorbed to ground, 
and the remainder (m — 1)21^6-^ retreats to A. The final 
summation current absorbed to ground at B is — 

+m(m-'l)%e-^^+ . . . amperes /_ (185) 
= mI^e-«{l+(m-.l)e-2«+(m-l)2e-4«+ . „ „ (186) 

ml £""^ ml 



I 



m — lxe"* 



e* /m — Iv 
m \ m ) 



» 



,, (187) 



I 



(?__^)cosh + sinh - cosh + sinh 



^' „ (189) 



"" z^ sinh + Zr cosh " 

which agrees with (59) when that formula is interpreted in 
complex numbers. 

It can readily be seen that the potential at B in the steady 
state is l^Zr volts, and that potential reflections at A cancel 
oflr. 

We might similarly sum the potential or current waves at 
any intermediate point on the line and derive formulas (37) 
to (42). 




CHAPTER VII 



THE APPLICATION OF HYPERBOLIC FUNCTIONS TO 
ALTERNATING-CURRENT POWER-TRANSMISSION LINES. 

AltebNATisg-CL'RKESt (lowcr-traDsmission lines ditfcr from 
altematiag-ciirrent power-distribution lines in having only 
Icrminat loads applied to tbem, aa distinguished from & num- 
ber, usually a large number, of intermediate distributed loads. 
They are ordinarily of the three-phase type, as indicated in Fig. 
43, and consist of three line conductors. The system may be 
legarded as being divisible into three independent single-phase 
lines, AB, A'B', A"B", each operated, at star voltage, to 





Flu. i'i. — Set of Tlii-ct-pliaHo Transiiiistiou Wires. Nominal citfilit of three- 
phase Bet of wires. Thras eqiml condensers coDnocteJ in star lietwaen mid- 
length iioiulB O, O', 0", 

ground, or neutral-potential surface. If the three wires are 
symmetrically disposed, the three individual single-phase lines 
will have equal wire inductances, and also equal wire capacities, 
acting like a star group of condensers, with zero potential at 
the neutral point (Fig. 43). The corresponding conditions for a 
two-wire system are indicated in Figs. 44., 45 and 46. If the 
geometrical disposition of the three wires in the system of 
Kig. 43 is dissymmetrical, the three individual inductances 
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and capacities of the independent single-phase wires will be 
unequal, but can ordinarily be computed from the geometrical 
data. 

k. B 



-fl 



L 







Fig. 44.— Diagram of an Alternating-current Circuit with the entire Line Capa- 
city centered at B, and the resistance and inductance divided between the 
four chokiug-coils L, L, L, L. 

Every alternating-current power-transmission system may 
therefore bo analysed into a group of parallel wires, each oper- 
ating independently to ground potential. Strictly speaking, 
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Fig. 45. — Division of the Circuit of Fig. 44 into two equal atid symn^etrical 
|>ortions about the neutral mid-plane 00 of zero potential. 

the capacity of each line is uniformly distributed, and it is the 
recognition of this condition that introduces hyperbolic iunc- 
tions as the natural key to the true behaviour of such lines 
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Fig. 46. — Analysis of the Double- wire Circuit of Fig. 44 into two equivalent 
single-wire circuits A, B, C and A', B', C, each having twice the condenser 
capacity of the circuit in Fig. 44. 

in the steady state ; but, as a first approximation, which is suf- 
ficiently good for all but very long lines, at ordinary operating 
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frei:{nencies, the cafiacitT may be either lumped into a 
single condenser at the middle of the line, as in Figs. 45 to 47, 
thus forming the nominal T of the line : or, as is usually more 
convenient for the purpc^es of compatation, all the capacity 
may be collected into two equal condensers, and these applied 
one at each end of the wire, as shown in Fig. 48, thus forming 
the nominal 77 of the line. This method has been called the 
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G 

Fig. 47. — ^T-CoDtlactor E^iui^alent to au alt4rnMtiDg-ciiiTeottrmii8iui>sion wire. 

'* split condenser " method of analysin;^ approximately the 
electrical behaviour of a transmission line.* One wire AB of a 
transmission system is represented, in Fig. 49, as operated 
to neutral potential. The wire has a vector impedance 
R +./X = Z /^/J ohms. At the receiving end B, is a motor M, 
or other load, of known magnitude and power-factor, at a given 
voltage Eb. At the sending end A, a single-phase generator G, 

■^ — i-;!jrmni"7?M:ii7iTr>;nr»Tni77?yr7> p 



Fig. 48. — n-Conduetor &iiiiva1ent to an .nIteniating-ciiiTeDt transmiasion wire. 

delivers such a voltage Ea as will maintain the given voltage 
Eb at B. Half of the capacity of the wire to neutral surface 
is applied as a condenser at A, and the other half at B. Each 
such condenser offers an admittance of Ya = Yb mhos. The 
admittance Yb receives a current I'b from the voltage Eb; 
while Ya similarly receives a current I'a from the voltage Ea. 
The line current I has the same strength at all points between 
A and B. It is the vector sum of the load current Ib and the 
condenser current I'b. All voltages are r.m.s. vector star- 

♦ "Calculation of the Higli-Tension Line," by P. B. Thomas : Tram, 
^m, Ind. Electrical Engineers, Part I, vol. xxviii, pp. 641-686, 
^"•no 1009. ^^ 
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voltages, in the case of a three-phase system, and all currents 
are r.m.s. vector amperes. We take the phase of the voltyge 
Eb as standard, and refer all other voltages to this phase. 












Fig. 49. — Circuit Connections and Vectcr Powe- Diagram for one wire of a power- 
transmission system. Nominal IT. 



The diagram ah g e, Fig. 49, is the stationary vector power 
diagram relating to this wire. Let the vector O^ represent, to 
scale, the power load delivered at B in the branch M to the 
phase of current Ib as standard. Denote this load by — 

Pb = Eb . Ij3 LP . . watts i_ (190) 

or volt-amperes L 
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STheu the horizontal component Oa of this load is the effective 
power delivered; or — 
P/u = Ea . In . cos /? . . wiitts (191) 
and the vertical component nb ia the reactive power; or — 

PtB = yEn . Ib . sill /5 . .y watts (192) 
The power-factor of the load is cos ^. 

Since the receiving end of the line ia assumed to be main- 
tained at a steady star-voltage En, the charging current in the 
I admittance Yd is — 

! I'ii =JEb . Yd . . timpei-es /_ (193) 

I The power abaorWd by this admittance is — 
I pB = EBrii=yE^B. Yb . i watts (194) 

\ This is +/ reactive power, to voltage standard phase, but 
' must be reckoned as — y reactive power with respect to cur- 
j rent standard phase. It ia, therefore, measured along ba, and 
i is indicated at lie. The power supplied at the B end of the line 
j including the admittance Yu, or half-line condenser, ia Oc watts 
; or volt-amperes. In other words, part of the reactive power 
I in the load is supplied by the end-condenser Yg. 

The line current is the vector-sum of the load current I^ and 
' the condenser current I'^ ; or — 

I = Ib + I'l! r.m.s. ampei-es /_ (195) 

The power expended in the line is— 

PZ = PR +jVK . watts or volt-amperes /. (196) 
where the phase of the line current must be taken as standard, 
This power is represented by the vector ce, cd being the effective 
or dissipated power, and de the reactive or non- dissipated power. 
Consequently, the power supplied to the line at A, beyond the 
condenser Y^, is represented, to scale, by the vector Oc -= P\. 
The power developed in the condenser admittance ^'^ is 
-yE^^Yj watts, or pi on the diagram. For this item, we 
find the value of E^ ; namely — 

E^^Eb-MZ . . . \oltsZ.(l96) 



TO ELECTRICAL ENGINEERING PROBLEMS 91 

Finally, the power supplied by the generator G to the end A 
of the single wire considered, including the condenser Y^, is 
0/ = Vj^ vector watts or volt-amperes ; of which the horizontal 
component 0^ = Py^ = E^I^^ cos y is the effective component, 
and P;fc^ = gf is the reactive component. The power-factor at 
the generator is cos y. The electrical efficiency of the line is 
Oa/0^. 

The simplest method of taking distributed capacity into 
account in such a problem is to substitute, by formulas (77) and 
(78), the equivalent 77 for the nominal II. 

We may take the example of a three-phase transmission line 
having a length L = 250 km. (155'34 English statute miles), 
consisting of three No. 000 A.W.G. copper wires, 1041 cm. in 
diam. (0*41"), supported symmetrically, on pole insulators, at a 
uniform interaxial distance of 193 cm. (72"). The following 
values of linear resistance, inductance and capacitance are taken 
for each of these three wires, to neutral potential surface — 

r = 0*206 ohm /wire km. = 0*33 ohm / wire mile. 

I = 1*22229 millihenry / wire km. = 1*967 millihenry / wire 

mile. 
c =6 00094828 microfarad / wire km. = 0*01526 microfarad / 

wire mile. 

The linear leakance is taken as negligible. The frequency of 
operation is /= 25 cycles per second; or co = 15708 radians 
per second. 

With the above linear secondary constants we obtain for the 
total line constants — 

Lr = R = 51*5 ohms, L/ = 030557 henry, 

Lc = C = 2*3707 microfarads. 

We may assume that the star voltage at the receiving end 
of the line is 50 kilovolts r.m.s. or 86*6 kv. between any pair of 
the three wires. 

At the above fundamental frequency, the linear reactance of 
each wire will be jx ^ Jlo) = jl'22229 X 015708 =y0191996 
ohms per km. The total line reactance jJjX =y47*999 ohms. 
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The linear dielectric admittance yra> =yi '48955 X 10~* mho 
per km., and the total dielectric admittance jY ^=fijxo = 
y3*72390 X 10"^ mho. The total wire impedance is therefore 
Z = 51-5 +y47-999 = 7040 /42° 59' 05^^ ohms. 

Fig. 43 shows, at AB, the nominal 77 of this line for the 
above-mentioned frequency and conditions. It consists of a 
line impedance with half the capacity susceptance at each end ; 
i,€, yi'86194 X 10"* mho corresponding to a reactance of 

5370-74 [90° ohms. 

The hyperbolic angle subtended by the line will be, by 
(19), = VZY = V70-46/ 42°~5 y ~0y' x 372390 X 10-^190^ 

= V 0^52621 67/1 32^ 59' 705'' = 0161915/ 66^ 29^ 32" 

= 0064583 + y0148476 hyp. The nominal 77 of this line is 
presented in Fig. 50, at ABGG, for the frequency of 25 ^. 
The architrave impedance is the line impedance Z above 
mentioned, and half of the dielectric admittance is placed in 
each pillar. 

In order to fonn the equivalent 77 of the line, we require to 

sinh 6 ^^^ ¥ 
form and apply the ratios — ^ — and — ^ — .* By the help of 

2" 

(139) and (145) we find— 

sinh 6 = 01G1431 /66° 40' 32^' 

and tanh |- = 00810865 /(jG° 23' 17"; 



consequently— V =^"^J ^ = 099703 / 0° 11' 00" 

tanh ^ 
Ay = Q = 10016 ^0°06' 15". 

"2 

* Tables of — - — and 7<>~ ^^'^tli five significant digits have been 

computed by^tlie writer for each degree between 60" and 90** of argument 
and each 1 of modulus in e up to 0*5. These tables are shortly to ^e 
published (Bibliography, 73). 
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That is, the correction-factor which transmutes the nominal 
into the equivalent 77 for this 250 km. line differs from unity 
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Fig. 50. — Nominal and Equivalent n for the i>articular transmission line at 25-'. 

by only 0*3 per cent, for the architrave and 0*16 per cent, for 
the pillars. . In other words, the correction for distributed 
capacity is negligible for such a line. 
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In Fig. 50, wlien we multiply the architrave impedance 
AB of the Domiiial 11 by 099703 /Q° 11' 00" , we obtain the 
architrave impedance 70'192 /43° 10' 05" ohms, a, h, of the 
equivalent 11. This means that the line behaves in the steady 
state, at this frequency, as though its conductor resistance were 
reduced from 5r50 to 5r21 ohms, and its inductive reactance 
increased from 47'999 to 48'01 ohms. Similarly, multiplying 
the pillar admittance AG or BG, of the nominal II, by I'OOIC 
^O^'De'^o", we obtain the pillar admittances 1-86492 X 10 " * 
/89'' 53' 45" mho, «,(/, or ft, g, of the equivalent II.' This is 
equivalent to assuming that either a certain small resistance 
(9'73 ohms) ia inserted in series with a slightly increased 
x:ondenaer (1*1873 jjf) ; or, that a non-inductive leak of 0'339 
micromho, has been applied to each condenser in shunt. We 
shall retain the latter conception for convenience. 

Tlie circuit- connections and the vector power diagram, for 

one wire of the line considered, are given in Fig. 51, under an 

assumed load of 4000 kw, (4 megawatts) of effective power (12 

megawatts for the entire three-phase system), at a power factor 

f of O'S, The apparent or resultant power delivered at B is, 

'' therefore, Pu = 5'0 /St)" 52' 12" megawatts, to standard current 

j phase, and the inductively reactive power ^3 megawatts. The 

L current received through the load, under 50 kilovolts at B, is 

\ thus 80 - j"60 = 100 \36° 52' 12" amperes to E-voltage 

j' phase. That is, the load current lags by this angle behind the 

voltage at the receiving end of the line. The current in the 

j leaky condenser at B is 0'01695 +y9*324o amperes, carrying a 

* power of 0-8475 +y466-23 kw. to B-voltage phase, or 0-8475 - 

/46623 kw. with respect to current phase. The total power 

delivered at B, including the terminal condenser, is thus: 

4000848 -fj2o3377 megawatts. All pressures and currents 

are expressed in r.m.s. values. 

The current in the line is 80-017 — y50"ti76 amperes to B- 

* It will be imderalood that the decree of aritbiiietiifal precision aimed at 
tlieee exnmplea, for the sake ot tiioroHg>ine^B, is much greater lliaa ia 
neceaBary in oiiiiiiary tranamiBei on-engineering compulation. 
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voltage phase = 94*714 \32° 20' 47". The IZ drop in the line 
is 94-7l4\32^^W47" X 70192 /43° 10^ 05" =6648 /10M9' 18" 
= 6530 +yi248 volts. The PZ power is (94714/0^)^ X 
70192 /43° 10' 05" = 629686 /43° 10' 05" watt^ = 06297 

— r 





Fig. 51. — Circuit Connections and Power Vector Diagram for one wire of the 

particular transmission line at 25-'. 

/43° 10' 05" megawatt = 0*45926 + y0*43080. In this power 

computation, the current must be taken as of standard phase, as 

all power products P = E I watts /_ , require one of the vectors 
E or I to be taken at standard phase, or zero argument. 

The voltage at A is the vector sum of the B-voItage and 
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the IZ line drop. It amounts to 56,530 +y 1248 = 56543 
/l° 15' 54" volts. At this voltage, the current in the leaky 
condenser at A is 56543 jV 15' 54" X 1-86492 X 10"* 
/89° 53' 45" = 10-5449 /91° 09' 39" amp. = - 0*2136 + 

y 10*5427. The power delivered to this condenser is 56543 
/0° X 10-5449 /89 53' 45" = 596,247 /89^ 53' 45" watts = 

1084 +y 596,240 watts with reference to voltage phase, or 
1084 — y 596,240 watts with reference to current phase. Adding 
this power vectorially on the diagram, by the vector ef, we 
arrive at /, and 0/ is the vector power delivered by the 
generator at A = 5051 /27° 57' 45'^ megawatts = 4*461 + 

y2*368 megawatts at a power-factor of 0*8833. 

The current delivered by the generator is the vector sum of 
the line current and the A-leak current ; or 79*803 —y 40*133 = 
89-322 \26'^ 41' 52" amperes, under a pressure of 56,543 
jV 15' 54" volts, with a power of 89.322 /O^ X 56,543 
/27° 57' 46" = 5,051,000 /27° 57' 46" watts (current phase). 

which checks the preceding result. 

The efficiency of the line under this load is 4*0/4*461=0*8967. 

It is evident that the power diagram and line computations 
would be only slightly modified, in this case, if we employed the 
nominal 77 of the line, instead of the equivalent 77. The com- 
putations would also be simplified ; because the leaks at A and 
B are pure reactances or y-quantities in the nominal 77, and 
pertain to pure condensers ; whereas, in the equivalent 77, they 
are complex quantities, or pertain to leaky condensers. 

Relation of Line Angle to Length and Frequency, — The. hyper- 
bolic angle subtended by a uniform alternating-current line 
manifestly increases with the length of the line. If the line 
had no conductor resistance, or dielectric leakance, the angle 
would be, by (150) — 

6 = jit CO mJIc . . hyp. radians (197) 
= Jj CO A^lc . circular radians (198) 

which shows that it increases directly in proportion to the 
frequency. To a first approximation, therefore, the lifte *^^ ^^ 



8 
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iDcreases with the frequency, provided that tlio dissipative 
linear constants of the line (g and r) are relatively small, and 
this is true for power-transmission lines. As a rough rule, we 
may say that 1000 km. of wire such as is used in power- 
transmission, operated at a frequency of 50 ~, has a line-angle 
of about 1 hyp. at an argument usually between 60° and 80". 
Consequently, to the same low degree of precision, the modulus 
of the hyp. angle subtended by a wire of L km. operated at 
a frequency of /— is roughly — 

~ 50,000 



numeric (199) 

Thus, although thts hj'perbolic angle subtended by a trans- 
mission line, at its fundamental working frequency, may be so 
small that there is very little difference between its nominal 
and its equivalent T or II, yet steadily increasing differences 
will develop with the ascending hannonics in the impressed 
e.m.f, if such harmonics are present. 

In a properly constructed three-phase system it is well known 
that no hannonic frequencies can exist of three times, or of 3h 
times, the fundamental frequency. Such harmonics as exist 
must be of 5, 7, 11, etc. times the fundamental frequency. In 
Fig. 52, the nominal and equivalent U's are presented for the 
quintuple frequency of 125— in the case of the 250-km. 
line already considered. The nominal 11 of the line differs only 
from the nominal 77 at 25— ', in having five times the inductive 
reactance in the architrave, and five times the condenser sus- 
ceptance in the pillars. The hyperbolic angle of the line is 
= ,^M5458 777°'53'i9" X l-8"ei94"x"ro"- ^[90^= 0'676039 
/83° 56' 40" = 0-071318 +yQ'672267 hyp. The correcting 
ratios for this angle are ip„ = 0-92722 /Q° 56' 40", and 



&„^ = 1'03893 \0'' 2S' 50". Applying these factors to the 

architrave and pillars of the nominal 77 respectively, we obtain 

227-595 /78° 49' 59" ohms for the architrave, and 9-6721 x lO"* 

i9° 31' 10" mho for the pillars of the equivalent 77. 

Ihe corresponding conditions for the septuple-frequency 
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Fig. 52. — Nominal and Equivalent TI for the particular transmission line at 

125-'. 



harmonic 175^ are indicated in Fig. 53. The hyperbolic 
angle has reached 0-941311 /85°38V34^ hyp. The correcting 
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SiS-^j 335"-993= 339-9(7 /gr/7'oq' ^ B 
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Fio. 53. — ^Nominal and Equivalent n for the particular trausmission line at 175 '^ 



factor *p has a modulus of 0-86039, and k^ 1 08088. The 
equivalent II has not only less line reactance, but also less 
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line resistaDce than the nominal 77, which means that a given 
current atrengtli delivered over the line dissipates less power in 
transmission, by reason of the uniform distribution of capacity, 
compared with that which would be dissipated with the 
capacity in two terminal lumps. 

Graphical Mciltod of Combiiiing Harmmiic Maximum or M.M.S. 
Values of Voltage or Ou7Teni into a Besidtani Maximum or Ji.M.S. 
Value. — If the impressed e.m.f. at the generating end of the line 
is impure, and the magnitudes of the various harmonics are 
known, then, in order to determine completely the distribution 
of voltage and current over the line, taking distributed capacity 
into account, it is necessary to compute the equivalent U or T 
of the line for each harmonic frequency, as well as for the 
fundamental, to ascertain the impedance which the load at 
offers to each frequency respectively, and to compute the 
voltage-current distribution for each frequency independently, 
in the manner indicated at A B, Fig. 51. Finally, knowing the 
components of r.m.s. voltage, or current, at any point in the 
system, the resultant r.m.s. value is found by the process of 
"crab addition," or the successive addition of components, 
each added perpendicularly to the last resultant. Thus, in 
Fig. 54, let OA be to scale, the r.m.s. value of a fundamental 
frequency component of voltage, or of current, at a given point 
in the system, A^B, BjC, C^D, other-frequency r.m.s. com- 
ponents of the voltage, or of the current, at the same point, 
in any order of selection. In practice A,B might be a 5th 
harmonic (quintuple-frequency harmonic), BjC a 7th har- 
monic, and CjD a 13th harmonic, and so on, but the 
proposition applies equally well to components of any 
different frequencies, whether harmonic or not. Then, no 
matter what the relative phases of the different components 
may be, the resultant r.m.s. value of all the components 
may be found graphically by adding them rectangularly, and 
successively, in any order. Thus, taking OA as l^O, repre- 
senting say 1000 volts r.m.s. as the voltmeter value of a 
fundamental e.m.f., associated with a 5bb harmonic of 0-333, 
or 333 volts r.m.s., also with a 7th harmonic of O'lll, 
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111 volts r.m.a., also with an 11th harmonic of 0037 or 37 volta 
r.m.a,, the resultant of all would be Od = l-0e05, or 1060-5 
volts r.m.s. 

The same reasoning and process evidently applies if each 
component is expressed in terms of its maximum cycHe, instead 
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Fio. 54.— GoDipositioD of Fanilanielilal and Harmon 
ponents of volto^ or current into , !..•.■ 

"crab addition" or perpendicular 



3 r.m^s. value. In such a case, the resultant would also be 
i maximum cyclic value. 

Moreover, if each harmonic component is analysed into two 
quadrature sub*components, of the sine and cosine type respect- 
ively, such aub-components, although of the same frequency, 
may be included correctly in the rectangular summation 
process. In other words, quadrature sub-components of any 

r component of voltage, or current, act, in this particular, 
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projMMition algebraically, if a complex harmonic qnantil 
analyned into the Fourier series — 



whero the constantB ABC, etc., are maximum cyclic 
Then ihe reBultont modulus is well known to be — 

VA* + B' + 6* + C + fi^ + D* -f (^^^ + E» + e^'H- 
which is obviously the value given geometrically by the rect- 
angular Hummation process. Moreover, since the maximum 
cyclic value of any single harmonic component is ^2 times ita 
rm.H. value, the proposition must be capable of application either 
tfj maximum cyclic, or to r.m.s. values, throughout. 

Summing up, then, tho conclusions reached in this chapter 
wo may say Unit power- transmission lines of the greatest 
longtliH in ordinary industrial service to-day, operated at 
ordinary froquoncies, do not require correction for distributed 
eleotroHtatic capacity, if analysed on the basis of the nominal 77. 
or (split -con denser method, unless great precision is required ; 
boonuse the hyperbolic nngle subtended by such lines is usually 
lowi thin O'o in modulus. If, however, high harmonics have 
bo bo tiiken into consideration, the hyperbolic angle subtended 
by tho lino may bo over 1 hyp., and the correction for dis- 
tributed cn)Uioity in such cases may be material. 

In every case where a correction for distributed capacity is 
nMjuiroil, tho simplest method of effecting it is to substitute the 
(^)uivalet)t for the nominal 11 of the line, at the frequency 
ooiisidortnl. 

y»muUi■S£t^•^. — Tho property of an altematiDg-carrent 
jM>wi,>r'traii-'!inissiou line to devolop a higher voltage at the 
rrx.'viving em) tliiui at the sondtng end, or to possess a negative 
drop of pol«ntiat, has be«n called the Fertanti-eSect^ having 
hft«n fit^t (Htiutoi) OHI in conni^ction with the Deptford-London 
p»>vor tnuiKiuission cables in ISOtl,* 

• "V^iMitilv mul SflMtittuctina in AltenMte Cutwnl Working," by 
U»t<«n KaiHV TV nM4n.-M.t, IV. la. 1S»\ p. 19:,«m1 Dw. 26, 1890, 
rv tti^ ~'On t)w Km ^ KWti\<nK'tit« Pmv* obstnrad in the Dieptibiid 
HaiM, Vt K. T. Ulwrixvx^k. 7%* n«frW>M^ l>«c M, 1090. pp. 332-233. 
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^B The Ferranti- effect is observable oo such lines only at or near 
B no-load. It usually disappears with a very small load on the 
■ line. It is commonly supposed to depend upon the influence 
of distributed electrostatic capacity in the line; but it is pro- 
duced by the charging current of the line passing through the 
inductive reactance of the 
(wire, and tliis charging 
I current may be regarded 
I due to the total line 
I 'Capacity lumped in a single 
[, condenser at the middle 
, as in the nominal 
fcT"; or lumped in two split 
■condensers, one at each end, 
as in the nominal 11. Tlie 
only influence exerted by 
the distribution of capacity 
on the Ferranti -effect is 
that due in detail to the 
substitution of the equiva- 
lent T or // for the nominal 
Tor 77. 

Referring to the nominal 
J7 of such a line-wire as 
[,ia represented at AB, in 
Fig. 43, let Ea be the r.m-s. 
kector voltage impressed 
; A, in the steady state. 
jet the end B of the line 
be freed, so that there is no load on the line, and let Eg be the 
vector r.m.a. voltage developed at B. Then, if Z = R +yX is 
^the vector impedance of the line and Zr= — ^'X^ the vector 
mpedance of the semi-line condenser at B, we have, as in the 
Sontinuoua-current circuit— 

_Z^ 

*z + z. 



Fio. 55. — Vector Dingram liidicalin;; tha 
LimitittioD of tlie Femtnti-alfect as dutor- 
inined liy the liue-re 




-^..- 



volts /.)200) 
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That is, the B-voitage is the A-volt^e iniillipHed by the 

vector fraction ^ - " y - ■ In Fig. 55, let oh represent, to a 

scale of ohms, the line nominal impedance Z, as the vector sum 
of the line resistance R and reactance jX. Let be be the 
impedance Z^ to the same scale, of the semi-line condenser at 
B. Then oc will be the vector sum Z+Z^. Consequently, in 
(200), the B-voltage is the A-voltage multiplied by the ratio 

— . This ratio will always be greater than unity, if the 

condenser impedance be is greater than the line reactance ab, 
provided that the line resistance e« is less than da, the point d 
being on the circle drawn with centre c and radius cb ^jZ^ 
ohms. In practice, the line reactance fX is always small 
compared with the semi-line condenser reactance yZ,; so that 
the B-voItage in the steady state must exceed the A-voltage at 
no load ; i.e. the Ferranti- effect must occur on any normal well 
insulated line, unless the line resistance R is more than the 
critical value da ; or algebraically, unless — 

H < JX (2Z, _ X> ■ ■ ■ ohms (201) 

Thus, in the case presented by the nominal U, AB, of Fig, 60, 
where R = 5i50, X = 48, Z, = 53707 ohms, the Ferranti- 
effect occurs, and must occur, until R is not less than 
^48~(l"0741-4. - 48) = 714-8 ohms. The equivalent 11 of this 
line (ah, Fig. 50) differs so little from the nominal 77, that this 
deduction is scarcely affected by the uniform distribution of 
L-lectrostatic capacitance. 

Since the linear resistance of all power -transmission lines 
must be kept relatively low, their line resistances are, in practice, 
well below the above critical value ; so that they exhibit the 
Ferranti -effect, at no load, almost invariably. But the magni- 
tude of the effect is ordinarily very small, although it increases 
when the length of the line is increased. Thus, if we repeat 
the diagram of Fig. 55 to the scale pertaining to the nominal 
n of Fig. 50, and the 250 km. power wire operated at 2fi ~,^ 
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we obtaiu the diagram of Fig. 56, where oh is the line-wire 
impedance of 5r5 +i*8 ohms, and he the aplit-coudenser im- 
pedance of — y537074 ohma. t 
The vector vc is therefore _9_— rr "" 
5322-99 \S9^26' 44^' ohms ,.-''' 
and the Ferranti -effect '' 
&ctor — 



6c 5370-74 1 90° 



= 1-00897 \ 0° 33' Iti 



ot 5322-99 \ 89" 26' 44" 
which means that the voltage at the B-end of 
the line exceeds the impressed voltage at the 
A-end by 0-897 per cent., and lags in phase by 
CSS' 16". The substitution of the equiva- 
lent Jl for. the nominal Jl of the wire barely 
affects this result. 

If, however, we increase the length of the 
line ; or if, leaving the line-length unchanged, 
we increase the frequency of operation ; then 
the line reactance ah increases, while the 
capacity reactance he diminishes, so that the 
Ferranti-effect factor increases. At the same 
time, the change from the nominal to the 
equivalent 77 becomes more marked. Conse- 
quently, the Ferranti-efifect, which is in- 
significant on ordinary aerial lines, at ordinary 
low frequencies, may become very large at ex- 
traordinary lengths of line, and especially at 
upper harmonic frequencies. 

In order to determine the maximum Fer- 
ranti-effect fector that can he produced on a 
given line, it is expedient to refer to Fig. 42, 
which shows the successive vector additions to 
the receiving, or B-end, free voltage, as built 
up by reflections during the unsteady state 
lb is evident from an inspection of that 
diagram, that in order to build up the maximum B-voltage it 
is necessary that there shall not only be small attenuation on 
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the line; so that the successive modulus additions may be 
large, and numerous; but also that they should arrive in the 
same phase-direction. This means that the argument of the 
anglo fl shall be ^ = Jt/2 radians, or 90" ; because the phases 
of the successive increments are —2^ apart. But we have seen 
that this requires the y-component of the hyperbolic line angle 
to be je/2, and the wave-length i of the line to be just four 
times the length of the line. In other words, the line must be 
a quarter-wave in length. When a line is operated at such a 
frequency as mokes it a quarter wave-lengtb, then the successive 
voltage increments in the preliminary unsteady state fall 
vectorially into line with each other, and build up the maximum 
Ferranti -effect multiplier that the attenuation over the line 
will permit. On the contrary, if the frequency of operation and 
line-lengtb are such that the line has half a wave-length, then 
the successive increments of voltage in the unsteady state arrive 
in alternate directions and produce a minimum Ferranli- 
effect factor. The same proposition applies with reduced force 
to all quarter and all half wave-lengths, as the length of line is 
increased. 

In the case of the 250-km. power-transmission line above 
considered, it can be readily found that the frequency of 
/= 293'424 ~, with (u = 1843-64 radians per second, brings 
the line into resonance at one quarter wave-length. For 
the line angle at this frequency is fl = 0-071650 -|-jl'5708 
= 0'0ri650+/ji/2 = 1-5724338 /ST" 23'J_8;' hyps. The at- 
tenuation-constant is also a = (2-86.599 -|->62-832) 10"* liyp. 
per km. The wave-length is then by (162) X = 2jt/(62-832 
X 10~*=1000 km. and the line-length is jnst one-fourth 
of this. The velocity of propagation is also, by (159) 
V = mla^ = 1843-G4/6-2832 x 10-= = 293424 km/sec. Thi8 
frequency is 11-737 times the fundamental frequency of 
operation, and is, therefore, not exactly a harmonic frequency; 
but if the fundamental frequency were increased from 25 
to 26-675 ~ or by 6-7 per cent., it would then become exactly 
the nth harmonic frequency. Under these special circum- 
stances of an 11th harmonic frequency, we should expect to 



I 
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derive the maximum Ferranti- effect possible on this type of 
line- wire. 

The nominal and equivalent 11 of the line-wire for this 
resonant frequency are indicated in Fig. 57. It will be noticed 
that the equivalent line resistance has fallen from 51'5 to 
16-i35 ohms, ignoring "skin-effect " or extra resistance due to 
imperfect conductor penetration, which begins to be appreciable 
at this frequency for the degree of precision under considera- 
tion. The line reactance has fallen to y360'31 ohms; while 
the semi-line condenser reactance has fallen to 9'3o5 — _/'359-04 
ohms ; leaving in circuit a total impedance of 25*790 -\-jQ-<oJ = 
25-7985 /1° 23' 24 " ohms. 

The vector-diagram of this case is presented in Fig. 58. 

The Ferranti-cffect factor is the ratio - = 35977 88°3Q'36'' 
oc 25-7985 /1°29''24" 

13-945 ,90°, which means that the E-voltage at the receiving 
end lags 90° behind the impressed voltage at A, and is 13*945 
times as large. This checks the result of formula (22) ; because 
cosh 1*57243 /87° 23' 18" = 0*0717109 |90^, and the voltage at 
the distant free end of the line is Ea /0*0717109 90° = 
13-945Ej. ^. 

No rise of voltage nearly so great as 13-945-fold has yet 
iKen reported upon any actual transmission line. The con- 
ditions are, however, very special, since a 2oO-km. line, perfectly 
insulated, is assumed to be operated at the relatively high 
frequency of 293*424 — . Nevertheless, tests made in the 
laboratory with an artificial power-trans mission line at a 
similar frequency have produced a resonant rise of potential 
of the same order, in good agreement with the results obtained 
ty hyperbolic formulas, and if an actual line of the length and 
conditions here considered failed to develop so large a Ferranti- 
effect factor, it would be owing to attenuation and energy 
dissipation due to extraneous causes omitted from the preceding 
calculations, such as imperfect insulation, dielectric loss, or the 
,iike. 

In practice, on actual long lines, no such large Ferranti -effect 
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Fig. 57. —Nominal and Equivalent n for the particular transmission line and the 

resonant frequency 293*424'-'. 

factor is likely to be encountered at fundamental operating 
frequencies ; because as the line is increased in length to 
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^develop quarter-wave length, the line resistance increases, and 
s to tlie base oc of the vector-diagram. Fig. 5S. More- 
I over, even if the line hiid such a length as corresponded to the 
Ijesonant condition, the effect disappears very rapidly as load 
■is applied at B ; because the large resonant rise clearly depends 
npon a somewhat sensitive adjustment of posi- 

line-reactance in opposition to a. nearly \j 
iqual negative condenser- reactance in the pillar 
f the equivalent 11. Shunting the pillar by a 
[load would tend to destroy the balance, to take 
lc resonant load off the generator, and to 
;ep down the excessive voltage at B. It 
would seem, therefore, that the danger of 
jnance could be avoided by keeping the 
i always under load, either at the distant 
Bend, or at intermediate points, or at both. 
•■Corona losses along the line would abo prob- 
ably assist automatically in keeping down the o 
excessive potential. 

But if the generator delivered voltage to the 

^250-km, line at a fundamental frequency of 
26'675 — , and happened to possess an appreci- 
able 11th harmonic, say 5 per cent, of the 
amplitude of the fundamental; then, with no 
load on the line, there would be a distant-end 
harmonic component of about 70 per cent, of j)ia„ram~iudicat- 
the fundamental, and the resultant B-voltage iu§ the Ferranti- 
would he v'l"+0^= 122 times the A-voltage, of the i)artieular 
or a Ferranti- effect of 22 per cent, due almost 
I wholly to harmonic resonance. This effect 
I would speedily disappear with the application of load. There- 
I fore, when an aerial line of such a length as 250 km,, operated 
Kftt as low a fi-equency as 25 ~, displays an evident Ferranti- 
■ fiffect, the presence of an upper harmonic nearly in resonance 
»with the line is to be suspected. 

For convenience of reference, in connection with the hyper- 
Bbolic theory of transmission lines, the data concerning the 
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particular 250-km. wire above considered are collected in the 
tollowing Tables — 

Table of Fundamental Data. 



Frequency 


Angular 
Velocity 

w 

rad/aec. 


26 


157-08 


125 


786-398 


175 


1099-556 


293-424 


1843-635 



Hyp. Angle 
$ 
Hyp. Radiani. 
Modulus Argament. 



0-161914 /66* 29' 32" 
0-676089 /88' 56' 40" 
0-941311 /86' 88' 84" 



Snrge-Impedance 

ohms /_ 
Modulus Argument. 



1-572434/87* 28' 18' 



434-60 \23* 3ft' 28" 
368-088\6*03'20" 
361-110 \4' 21' 26" 
859 768 \2* 36' 42" 



Transmis- 
sion 
Velocity 

V 

km/sec. 



864,487 
292.070 
292,875 
298,424 



Attenuation- 
Constant 
ai 02 

Hyp/km.Bad/km. 

X 10"* X 10"* 
2-68332 6-98904 
2-85278 26-89066 
2-86057 87-54362 
2-86699 62-832 



Table of Secondary Data, 



Frequency. 


Sinh 9. 
Modulus Argument. 


Gosh 9. 
Modulus Argument. 


Tanhi.. 
2 

Modulus Argument. 


Ferranti-effect 
Factor.* 

Modulus Argmnt. 




0-161431 /66* 40' 32" 
0-626835 /84' 53' 20" 
0-809895 /87* 00' 23" 
1-002557 90* 


0-9911077 yO" 33' 10" 
0-78566 /8' 14' 37" 
0-595244 /5'34'00" 
0-0717109 90* 


0-0810865 /66' 28' 17" 
0-351178 /83'27'55" 
5082545 /84* 66' 21" 
1-000 /86* 53' 64" 




25 
125 
175 
293-424 


1-00897 \0'33' 
1-2728 \8*16' 
1-6800 \5'34' 
18 946 |90* 









Table of Correcting Favors. 



Frequency. 

/ 

• 


Sinh 9 

- 




Tanh (0/2) 

my 


25 
125 
176 
293-424 


0-99703 /O' 11' 00" 
0-92722 /O" 56' 40" 
0-86039 IV 21' 49" 
0-63768 12" 36' 42" 






1-0016 \0'06'i5" 
103893 \0° 28' 60" 
1-08088 \0' 42^ 13" 
1-27191 \r29'24" 


/ 



* In the case of an actual line in California, 248 km. long, with a total 
single-wire resistance of 50 ohms, a wire capacity to neutral surface of 2*2 
microfarads and a single-wire inductance of 0*323 henry, operated at 60 
cycles per second, by an alternator giving a fairly pure sine wave, the 
observed Ferranti-etfect factor was 1-238, as reported by G. Faccioli 
(** Electric Line Oscillations": Proc. Am. Inst. Elect Engrs.^ July 1911, 
pp. 1621-1668\ As the fundamental Ferranti-eflfect factor on this nominal 
n would only fee I "053, the assistance of harmonics is suggested. 
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Equivalent T of One Line Wire at Different Frequencies, 



Frequency. 
/ 





25 

125 

176 

293-424 



Total Wire Impedance. 
Ohms. 



{ 



{ 



51-50 
51-60 

/ 51-669 
\ 70-6128 

55-694 
266-014 



+jO 

!^ 
+J47-962 
/4 2'' 6y W 

+J248-88 
/7r24' 21" 



/ 60-065 
\ 867-072 

84-114 
719-528 



{ 



+>S62-]24 
/80' 84^ 66" 

+J714-694 
/88' 17' 02" 



Equiyalent 

Wire 

Inductance. 

Henrys. 



0-80667 
0-80564 
0-81688 
0-82984 
0-88760 



Staff Impedance. 
Ohms. 



- oc 

-8-649 - J2698-3 
2698-8 IW 11' OS' 

-9-645 - J579-16 
679-28 

-10-610 



/90' 60' 89" 
- >446-76 
446-878 /91*21'"49" 
-16-361 - J868-48 
368-849 /92'86'42" 



Equivalent 

Capacity. 

Micro&rads. 



2-3707 
2-3686 
2-1985 
2-0408 
1-5181 



Equivalent II of Ons Line Wire at Different Frequencies, 



Frequency. 

/ 





25 

126 

175 

293-424 



Total Wire Impedance. 
Ohms. 



51-5 
61-60 

61-21 
70-192 

/ 44-077 
\ 227-695 

37-418 
292-461 



{ 
{ 



16-486 
860-69 



+ j0 

/?! 
+>48-01 
/48" IC 06" 

+J223-285 
/78' 49' 59" 

+^290-058 
/By 88' 68" 

+ i860 -313 
/87* 23' 18" 



Equivalent 

Wire 

Inductance. 

Henrys. 



0-30567 
0-80664 
0-28430 
0-26880 
0-19544 



Each Pillar Impedance. 
Ohms. 



Equivalent 

Line 

Capacity. 

Microfarads. 



oc 

r 9-726 - J5362-2 
I 5862-2 \ 89° 63' 45" 
8-67 - J1033-86 

1033-90 \89°31'10" 
8-87 - ?7l0-44 

710-491 \89n7'47" 
9-355 - J359-65 
359-77 XSS" SC 86" 



2-3707 
2-3745 
2-4631 
2-5603 
3-0163 



FeoTanti'Effect in Wireless Aerials, — A very marked Ferranti- 
eflfect on a line of very short mechanical length may be found 
in a wireless aerial conductor free at the top and grounded at 
the base through a high-frequency alternator. If the frequency 
of the alternator can be raised to the point at which the aerial 
is a quarter-wave line, the Ferranti-efFect may become very 
large. 




CHAPTER VIII 



Hyperbolic functions find a wide field of usefulness in the 
problems of telephone engineering. This is for the reason that 
telephone circuits are long, and subtend relatively large hyper- 
bolic angles. Consequently, the equivalent T or JI o{ such a 
circuit is markedly different from the nominal T or 77, so 
different, in some cases, as occasionally to astonish the com- 
puter, who would be likely to discredit the results of some 
calculations, were it not that no discrepaucy has yet been 
detected between hyperbolic theory and actual measurements 
on telephone circuits; although there is still a very large 
unexplored territory in both the theory and the measurement 
of wire telephony. 

According to the present theory, a simple telephone circuit 
consists of a pair of uniform wires, with a generating apparatus 
at one end, and a receiving apparatus at the other. The 
transmitter diaphragm at the sending end is thrown into com- 
plex vibrations, by the air vibrations incident upon it, as excited 
by the vocal organs of the speiiker. The vocal tones are known 
to be very varied and complex. They vary in pitch range from 
about 100 to 10,000 cycles per second, or higher, the ordinary 
range of acoustic sensibility to pitch being between about 
16 and 20,000 cycles per second. It seems that the tele- 
phone diaphragm, when executing forcod vibrations, in obedience 
to incident vocal vibrations, respomis much more powerfully to 
some frequencies than to others ; so that the resultant vibration 
of the diaphragm differs considerably, in detail, from the result- 
aut vibration of the air near the diaphragm. Moreover, a simple 
harmonic pressure delivered by the transmitter diaphragm to 
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the carbon granulea in the aOjacent microphone may, perhaps, 
set up a simple harmonic variation of electric resistance iu the 
same ; but a simple harmooic variation of an otherwise nairorm 
resistance in a circuit cannot produce a simple harmonic 
variation in the current flowing through that circuit. It seems 
therefore probable that some distortion is produced in the 
transmitted vibrations, both by the mechanical and electrical 
constraints of the microphone trans mi ttei-. Nevertheless, the 
electromagnetic waves emitted from the transmitting apparatus, 
after undergoing further electrical distortion along the line, and 
probably yet further electromechanical distortion in exciting 
the receiver diaphragm, are still able to convey interpretable 
sounds to the listener's ear, owing to the intelligent apprecia- 
tion—more or less trained by habit — of the listener. By 
reason of this intelligent automatic selection and interpretation, 
it is fortunately possible to dispense with transmitted sounds 
of frequency much above 2000 cycles per second. 

Fundamental Assitmptions, — The theory of telephony here 
presented starts with, and assumes, the terminal sending and 
receiving apparatus as standard, and deals, in the main, with 
the electrical phenomena of the line connecting them. Future 
developments of the theory will probably extend to the char- 
acteristics and phenomena of the terminal apparatus. 

It is also assumed in the present theory that the essential 
electrical phenomena in transmission of vocal electromagnetic 
fretjuencies along lines are steady-state phenomena. It is 
assumed, in other words, that whenever a syllable is caught and 
ioterpretei] by the listener's ear, it has lasted long enough to 
develop a reasonable number of vibrations, and of underlying 
electromagnetic waves ; so tliat there will have been a sufficient 
number of such waves to permit the steady state for that 
frequency to be approached within the degree of precision 
required. Thus, a single complete vibration in a component 
complex vocal vibration entering into a syllable would, it is 
assumed, be insufflcient either to set up the steady electric 

Ste for that frequency in the circuit, or to affect the listener's 
intelligibly ; but a wave-train of, say, a dozen such vibrations, 
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lasting iu all perliaps, at most, only one-tentli of a secoud, 
would not only permit a sufficiently close approximation to the 
steady state for that frequency, but also to affect the listener's 
ear. Direct experimental demonstration for this important 
postulate is lacking; but indirect experimental support exists 
in the sense that our hyperbolic formulas apply accurately to 
the steady atate of alternating-current circuits, and that no 
rehable diaerepaocy has yet been brought to light between the 
acoustic transmission of telephone circuits and the conclusions 
derived from the hyperbolic theory. Much remains to be 
investigated in this direction. 

On the assumption that telephonic wave- transmission over 
line conductors is essentially a steady-state phenomenon, it 
follows that the relative phases of tlie various freiuenciea as 
arriving at the receiver must ordinarily be very different from 
that existing when leaving the transmitter. According to 
HehuhoUz,* the ear can analyse the complex tone into its 
constituents independently of their phase relations ; whereas, if 
the syllables contained only a wave or two of some important 
tone, the phase relation of the accompanying tones might be 



Attenuation' Factor. — All electromagnetic waves running over 
a long telephone line are subject to weakening or attenuation ; 
but owing lo the sensitiveness of the normal human ear, and to 
the high degree of perfection of the normal receiving instru- 
ment, a large amount of attenuation can be permitted. If we 
define the ratio of the amplitude of a single- frequency alter- 
nating voltage or current, at a given receiving point, to the 
corresponding amplitude of that voltage or current at a given 
sending point, as the attenuation-fador. or aitenuation-cotff.- 
cieni between those points ; then it appears that an attenuation- 
factor of 005 may be permitted in the most important currents 
without seriously affecting commercial telephonic transmission 
over a long line, and that an attenuation-factor of 0^01 may 
correspondingly occur over such a line before experts may 

* Sfiiiuit iuiis of Toiies, bj Vui 
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be unable to communicate telephonically with the standard 
apparatus. 

Distortionless Circuits, and Distortion Ratio, — When the 
attenuation-factor of a circuit is the same for all the frequencies 
of current transmitted telephonically, then the circuit is said 
to be distortionless. In general, however, and especially on 
cabled conductors, the attenuation is more marked on higher 
than on lower frequencies ; so that the attenuation factor may 
be only 005 at 800 — but 001, or less, at 2000 — . This dis- 
parity of attenuation over a line is called electrical distortion, 
as distinguished from electro-mechanical distortion existing in 
the terminal apparatus. The effect of distortion is manifestly 
to alter the acoustic character of the sound-waves as repeated 
in the receiver. The quality or timbre of the voice is altered. 

The ratio of the attenuation-factor at a certain higher 
frequency to that at a particular lower frequency of reference, 
may be called the distortion ratio for that circuit and upper 
frequency. A certain amount of distortion, and distortion 
ratio, can be tolerated by the ear, and always exists in wire 
telephony, over any but the shortest lines ; but when the dis- 
tortion ratio at 2000 ^ falls below a certain value, the tele- 
phonic service becomes unsatisfactory, even with good and clear 
enunciation on the part of the speaker. The voice becomes 
*' drummy " and indistinct. Consequently, the limiting length 
of a certain tjrpe of line over which conversation can be com- 
mercially carried on depends not only on the attenuation at the 
most important telephonic frequency of reference, but also on 
the distortion ratio between this and the highest important 
frequency. A lower attenuation factor can be permitted on the 
standard frequency of reference, if the distortion ratio at the 
upper end of the essential telephone register is prevented from 
falling too low. 

Hyperbolic Angles of Telephone Lines, — The hyperbolic angle 
of a telephone line, disconnected from its terminal apparatus, 
is by (19) and (153), for a given frequency, a complex quantity, 
with a real and imaginary component. The real component is 
to be intrepreted as a real hyperbolic angle, and the imaginary 

I 2 
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component as an imaginary hyperbolic angle, or as a real 
circular angle. The real or hyperbolic component affects the 
attenuation factor of the tine, ami the imaginary component 
the phase of the arriving waves. Telephone-line hyperbolic 
angles range up to 50 hyps, or more, in modulus. 

Atknuation-Conslanls. — The linear hyperbolic angle, or hyper- 
bolic angle per unit-length of a telephone line, is, for a given 
frequency, a similar complex quantity a//? = Oj +Jt^. of which 
the real hyperbolic component a^, affects the attenuation of 
the waves of that frequency, and the circular component Oj the 
phase. A wave of current, starting with unit amplitude over 
the line, from a given point, becomes attenuated, after 1 kilo- 
meter, to the amplitude £■" = E-i^i + i^^g-n .e'M = e-"i\aj. 
That is, it has shrunk in amplitude, from 1 to e"'', and has. 
retarded in phase a^ radians with respect to the phase of waves 
starting at the instant of arrival. For this reason, the linear 
liyperbolic angle of the line is called the altemtation-constani 
of the line. We have already seen that the attenuation-con- 
stant has the same numerical value in hyps, per mile or km., 
whether we take the linear resistance, inductance, capacitance, 
and leakance per wire-km. or per loop-km. In what follows, 
we shall use the wire-km. constants consistently. 

Normal mid Actual Adeniintion-Factors. — If a line-wire were 
indefinitely long, the attenuation -factor over a given length 
L km, would be — 

/■l = e - f-"i . . . numeric £ (202) 
But if the line, instead of continuing indefinitely beyond L, 
stops and connects to terminal apparatus, the reflection of the 
waves at this terminal load alters, in general, the attenuation- 
factor. If, however, the impedance of the terminal load happens 
to be the same as the surge -impedance z^ of the line, then the 
attenuation- factor of the line is the same as ia given in (202) 
for a length L of an indefinitely continuing line. This value 
may therefore be called the ThOTViai attenuatimi-fuctor of the 
length L, to distinguish it from the actual attenuation-factor in 
the presence of a particular terminal toad. 
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Thu3, we have by (59) the amplitude of current received 
I through the terminal apparatus — 

^" = i . sinh iIT" cosh La "'"' "'J'* ""I"'"'' ^ <'^''^°' 
■where E,,,* is the maximum cyclic e.m.f. of the simple har- 
monic frequency considered, impressed on the sending end of 
the line at A, 3j is the vector sui^e -impedance of the line, L is 
the length of line in km., a the vector attenuation-constant, 
La the hyperbolic angle 8 of the line, Sr the vector impedance 
of the terminal apparatus to ground potential at B ; or half the 
vector impedance of the terminal apparatus between the two 
wires of the loop line. The equation must be worked out by 
the rales of two-dimensional arithmetic, or plane-vectors, as 
explained in Chapter V. 

, The current at the sending end of the line is also by (56) 
E , 
^* " sTuiih (La + 6') " "'*''■ ^^"^''^^ amperes l_ (2026) 
Fwhere 0' 'n the auxiliary hyperbolic angle subtended by the 
■ receiving apparatus to ground wheu connected to this particular 
rtype of line, such that — 



tanh 6' = ' 



numeric /_ (202c) 



The actual attenuation-factor of the line at this frequency is 
therefore — 



-k?- 



_;„ tanh_(La_+ 6')_ 



li, however, the impedance s„ of the receiving apparatus to 
jp-ound, happens to be identical with «„, the aurge-impedance of 
[the line, we obtain— 

■ ». _I™b_ tanh(La-(-6') _ tanh (La+e') „„^^^, , (^n9.\ 
^*''~'TA~3iuh La+cosh La" ^ numeric /. (202.) 

At the same time, however, tanh 6' = 1 or 6' = oc . Conse- 
quently, tanh (La + 9') = 1, and we conclude that — 



1:^4, 



-\a. 



L (202/) 



lis APPLICATION OF HYPERBOLIC FUNCTIONS 

or the actual attenuatioo- factor becomes the normal attenuation- 
factor. 

Values of AUennaHon-Gonatanis. — If we consider an aerial 
telephone line consisting of a pair of No. 10 A.W.O. (American 
Wire Gauge) copper wires, of diameter 0'2589 cm. (0-1019"), 
interaxially separated by one foot (30'48 cm.), we may take the 
following linear constants — 



I" 



- 106 ohms per loop mile. 
= 3G76 X 10 -^ henrye per 

loop mile. 
= 0-8018 X 10-8 farad per 
loop mile. 

- 0. 



r = 32I53 ohms per wire km. 
;= 1-142 X 10-* henry per 

wire km. 
r. = 0'9!)64 X 10 "^ farad per 

wire km. 
5-0. 



Then using formula (laO), we have for the attenuation -constant 
at various frequencies up to 15920 — , the data in Table I. 

Table I 
For single-line copper -n-ires No. 10 A.W.G. 0-2589 cm. diam. 
at interaxial distance of 30*48 cms. r= 3-^93, I = 0-001142, 
ff = 0,c = 0-9964 X 10-s kilometer units. 
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The Table shows that the real attenuation-constant Oj in- 
creases very slowly, beyond the frequency of 400 — . Thus, 
f taking the frequency of 796 — (a> = 5000), as the reference 
i frequency, the real attenuation-constant Oj is 0-004684 hyps. 

h 




» 
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per km., so that at this frequency a wave would diminish in 
amplitude by e -"*'**", or 0-47%, after running one km. At 
the frequency of 1592 — (o) = 10,000) or one octave higher, the 
real attenuation-constant has only increased to O'OOISIS; so 
that the normal distortion-ratio is only e-'''™ois» foj. -[ ^m. and 
this octave. 

The wave-length X is obtained by formula (162), and becomes 
shorter the higher the frequency. The velocity of propagation 
V is obtained by formula (159). As the frequency increases, it 
approaches the velocity of light in air (3 X 10^ km./sec). It 
fails short of that value ; first, because there is some internal 
inductance within the substance of the wire, and this constitutes 
a load distributed along the line. Only when a wire has no 
internal inductance can the velocity of propagation attain that 
of light in the dielectric ; and, second, owing to loss of energy 
into the substance of the wire, the speed of propagation falls 
short of the speed of disturbances in the external medium. 
Only when there is no loss of energy either in the conductor 
or in the dielectric, can the velocity v attain that of a 
disturbance in the medium. 

The last column gives the semi-amplitude range, or the 
distance in km. to which the waves can run, at each frequency, 
before being normally attenuated to one half of their amplitude 
at the start, as obtained from the equation — 

e- ^■1 = 0-5 numeric (20:5) 

or since— e-oo^is = 0'5; x = 0-69315/ai km. 

In comparison with the above results, let us consider the 
attenuation-constant at different frequencies of cabled copper 
wires, No. 19 A.W.G., 00912 cm. in diameter (0-03589"), paper 
insulated in twisted pairs, with the following linear constants — 
r" = 90 ohms per loop mile. )■ = 27-96 ohms per wire km. 

c" = O'OS X 10-* farad per c= 0994 X 10 "'' farad per 

loop mile, wire km. 

I" = 1-126 X 10-3 henry per /= 0-:15 x 10-^ henry per 

loop mile. wire km. 

./'= 0. 3= 0. 
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The results are given in tlie following Table — 

TiMtll 
For single-lice copper wires in twisted pair cables No. 19 

A.W.G. 00912 cm. diam. 
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It will be seen that the real component of the atteniiation- 
conatant increases with the frequency. Thus, at co = 5000, 
Qi = 008079, and at w = 10,000, a^ = 01106. The normal 
linear distortion -ratio or the distortion-ratio for 1 km,, and this 
octave, is therefore, g-(o'iiW;o*«soa) _ g-o-«wa_ After passing 
over 50 km. (31-07 miles) the distortion-ratio would be £-'** 
= 02254, so that the amplitude of the 10,000 rad-per-sec. 
waves would be 22'5 per cent, of the amplitude of the 5000 
rad-per-sec. waves, assuming normal attenuation, and that they 
started with the same initial amplitude. This is, in the present 
state of information, an approximate limit to the distortion- 
ratio for this octave in satisfactory commercial telephonj'. 
That is, if the normal distortion -ratio falls below 1/c' * for this 
octave, the articulation is unsatisfactory. Further measure- 
ments are needed, however, in this direction. 

It should be pointed out that the real attenuation-constant 
is somewhat larger in the cable of Table II than is obtainable 
in practice ; for the reason that the linear capacity is taken as 
OOS microfarad per loop mile (005 /if per loop km.), whereas in 
good practice, such cables are made with a linear capacity of 
0"072 fif per loop-mile (0'046 ^f per loop km.) corresponding 
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to 0092 /{/per wire-km. or a = 0-92 X lO"'. On the other 
hand, however, the most recent measurenienta reported in the 
United States give an effective leakance of 5 = 1"73 X 10" 
mho per loop mile (S'+exlO"^ mho per wive mile, = 2-1 5 xlO"" 
mho per wire km.), and in Great Britain* 5 x 10"^ mho per 
loop mile (31 X lO"" mho per loop km) = 10'^ mbo per wire 
mile; or ^ = 6'2 x 10"* mho per wire km. This effective 
leakance is probably due to dielectric hysteresis aided by the 
presence of residual moisture, rather than to leakage con- 
ductance. In either case, however, it represents loss of energy 
in the dielectric, increasing as the length, and aa the square 
of the voltage. This small effective leakance tends to increase 

Ltbe real atten nation- constant a,, by reducing the argument 
It is known that a relatively very small amount of 

Blnoisture resident in the paper dielectric of a lead-covered 

able will bring about an increase both of capacitance and 

tleakance. Moreover, paper absorbs moisture so readily that it 

'is difficult to secure and maintain the cable insulating luaterial 
moisture-free. The changes in a^ effected by the above 
amendments are, however, relatively small. 

In comparisons of electric or acoustic properties of lines, 
telephone engineers frecjueutly employ as their standard a 
telephone cable of the following constants. Copper wires 

iNo. 19 A.W.G. paper-and-air insulated in twisted pairs, dry, 

|within a leaden sheath. Diameter 0-03589" (0-0912 cm.). 

>hms per loop mile = 54'68 ohms per Icpop kiu. 

I" 10"' lienry per loop mile = 0-6213 x 10"^ henry per loop km, 

f g" b X 10-^ mho per loop mile = 3*107 x 10"* mho per loop km. 
I e" 0-54 X lO"'' farad per loop mile = 0-3355 x 10"' farad per loop km. 

ieferring these to the wire kilometer we have — 
^=27-34; i=0-3]O7xlO-^ ff=6■2UxlO-^ c=0-6711 xlO"^. 
PPith the preceding data we obtain tlie following values — 

* For these data, the author ia indebted to the eoiirtesy of the Engineer- 
g Departments of the American Telegraph & Telephone Co., and of the 
Rational Telephone Co. Llii,, of Oreut Britaia 
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TMe III 
For single-tine copper wires in twisted-pair "standard " cable. 
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The following is an example from Table III of the method of 
computation. It assumes to = 5000. r = 27-34. ^'=0-3107x10-'. 
,/(-6'214 xlO-«. and 0= 0-6711 X 10"'. 
a — v'(27-34 -l-/l-5535)(e-214 +jSSfb)W~'. 

= ^(27-384 /3° 15' QS")(335-56 X 10-^ /88° 56' 20". 

= V9188-91 X 10-ii \92°TI'~28° = 95-859 X 10 " • /46° 05' 44". 

= 0-095859 /46° 05' 44" =0-066474-|- jt)-069066 hjp. per km.* 

'-l-oUSs = »■»'"■"■ 



= 10-427 km. 



0'066474 



Iti will be seen, from an examination of Table III, that the 
normal linear distort ion-ratios of this line are in four succea- 
aiva octaves, e''^''*^, e """"", e'""^^, and e""'^*, showing that the 
distortion increases as the frequency is increased. 



I lower degree of 
□f interconversion 
loT p/^, wltich Lave 
coinpleted by Herr Giti B6U ; but not yet published. Tliey are a 
of Tublea reaemljling what are called in the Science of Navigation. 



• These aritbtnetiuftl steps, ordinarily taki 
iiiericul precision, are expedited by certain 
between a complex quantity (o + jh) and ita pli 
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The atteDaation-constant per English statute mile of cable is 
always obtainable from the attenuation -constant per kilometer, 
by multiplying each of the components a^ and o^, by 1'60!)33. 

The vector attenuation-constants recorded in Tables I and 
II are shown graphically in Fig. 59. The origin ia at 0. The 
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Fin. 69. — Currea showing tha Loci of Vector Att«DUstioD-CoiiataiitK. 

curve OCC indicates the locus of the attenuation-constant for 
the cabled wires of Table II, and OAA the locus of that for the 
aerial wires of Table I. The real components Oj extend along 
OX, and the circular components o^ along OJ. The dotted 
line OE at 45° with each aiiis, marks the locus of the attenua- 
tion-constants in lines of such small linear inductance, with 
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respect to capacity, that the former may be neglected. The 
small amount of linear inductance in the cabled wires of 
Table II causes the locus to bend upwards, and to leave the 
dotted line perceptibly at the frequency of 160 — ; while the 
relatively greater lioear inductance and smaller linear capacity 
of the aerial wires in Table I cause the locus OAA to bend up 
sharply, and to become nearly parallel to the j axis. The real 
attenuation -constant a, is, therefore, roughly the same for all 
frequencies on the aerial line above 400 — : whereas it con- 
tinually increases with the frequency in the cabled wires. 
Thus, not only is the electric distortion at telephone frequencies 
much more marked on cabled wires than on aerial wires, but 
the attenuation is also much greater at all telephonic frequen- 
cies on ordinary sizes of cabled wires than on ordinary sizes of 
aerial wires, so that about 50 km. of such cable, as is referred to 
in Table II, would be approximately the commercial limiting 
telephonic range, as against about 670 km. of such aerial wire 
aa is referred to in Table I. 

Particular Values of the, Attcnuatimt-C'o7istant.—la the parti- 
cular case when Z = and g =" 0, that is, when both the linear 
inductance and leakance are negligible, a case closely approached 
by well insulated cabled wires, the argument of the conductor 
impedance, ^j = 0, and the argument of the dielectric admit- 
tance ^2 = 90° ; so that the argument of the attenuation- 
constant is 45°, or may be called a semi-imagmai-y quantity, 
having as large a real as imaginary component. In such a case — 

a, = -^ = y ^ . . hypa. per km. (204) 

Here the real attenuation-constant Qj increases as the square 
root of the frequency. 

When a considerable amount of linear inductance exiata, as 
in aerial lines, the real at ten nation- constant a, tends to a 
limiting value as the frequency increases. This value is — 



hyps, per km. (205) 
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where z^^ is the limiting value of the surge-impedance in (152), 
or ^ijc ohms. Thus, for the aerial line-wire referred to in Table I, 

Zq tends to the limit 328-6 /0° ohms, and -^- = 1*647 ohms per 

semikilometer. Consequently a^ tends to the limit 1*647/338*6 
= 0*004864 hyps, per km., as is indicated in Table I. 

When an appreciable amount of linear leakance exists, an 
approximate value for a^ can be obtained by adding a correction 
factor to (205), thus — 

Oi = ^(l + ^) • • l»yps- per km. (206) 

Otherwise, the full formula for the real attenuation-constant 
is — 



hyps, per km. (207) 
and the imaginary component, or wave-length constant, is — 

«2= V h { V(r2 + P(o^) (^2 + c^-^ - (gr - Icco^)} 

radians per km. (208) 

As a general rule, it is easier and more convenient to employ 
the vector formula (150), which is also readily remembered, 
than to employ the cumbersome non-vector, or scalar, formulas 
(207) and (208). Moreover, the results obtained with the scalar 
formulas are more liable to be vitiated by slight arithmetical 
errors than if the vector formula (150) is used. 

Surge-Impedances of Telephone Lines. — The surge-impedance 
Zq of a telephone line varies considerably with the frequency, as 
is shown by formula (152). When r, the linear conductance of 
the conductor, and ^, the linear leakance of the dielectic, are 
relatively very small ; or, in any case, when the angular velocity 
is high, the surge-impedance approximates to the value — 



^o 



o = J- ohms (209) 
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and is therefore gruater in aerial lines tliau in cabled lines. 
This is the impedance • which a line tends to offer to its own 
surges in the unsteady state. The limiting value of (209) is a 
pure resistance, or ha^ no reactive component ; so that in the 
limiting case there is no difference iu phase between a wave of 
e.m.f. and its accompanjing wave of current travelling along the 
line. If there be relatively greater conduclor reactance, loj, than 
dielectric suaceptance <-a>; so that the argument of the con- 
ductor impedance (i^ ^ tan'M —J, exceeds the argument of the 
dielectric admittance ^^ = tan"'(^j, then the actual sui^e- 

impedance has a positive argument - ■ , and the line at and 

beyond any point behaves like a positive reactance or induction 
coil. In practice, however, the reverse is the case, and the 
dielectric admittance argument ^^ always exceeds the conductor 
impedance argument^,; so that the argument of the siirge- 

impedance is — ( -' ■ '1, a negative angle, and the line behaves 

a^ a condenser associated with a resistance. If the Burge- 
impedance of the line had a positive argument, it would 
mean that any wave of current travelling along the line would 
stow away more energy of magnetic form in the dielectric than 
ia stored electrically: while, in practice, the fact that the 
surge- impedance of either unloaded aerial or unloaded cabled 
conductors has a. negative argument indicates that any wave 
travelling over the line stows away more energy of electric 
form in the dielectric than is stored magnetically. 

Table IV gives the surge-impedance of the aerial line above 
considered in Table I for various frequencies between 8 and 
16,000 cycles per second, both as a vector, and as a complex 
number, of ohms per wire. If we consider the surge-impedance 
of the circuit, we know that it will be twice the surge-impedance 
per wire (36). 

* Dr. Sleinmeti lias recently Biifigeated tlie name "imtural impedance" 
for this important quantity. See Jvii'nul of the Franklin JnstitiUt, July 
1911, "Electric Traiisienla," by Charlea P. Steinnietz, p. 4G. 
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Table IV 

Initial Sending-end Impedance per Single Wire for a pair 
of No. 10 A.W.G. Copper Wires (01019" or 02589 cm.) inter- 
axially separated 1 ft. (30*48 cms.) at different impressed 
frequencies. 
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At the infra- telephonic frequency of 7*95 ^ the surge-im- 
pedance of this wire is 2570 \44!° 30' ohms, and it diminishes to 
338-7 \0° 50' ohms at 15,920 ^; but undergoes very little change 
after reaching 800 ^. The limiting value (209) is, in fact, 
338-5 ^ ohms. 

The wire surge-impedances of the cable circuit considered in 
Table II are also presented for various frequencies in Table V. 
At 10 ^*^ the impedance commences at 2122 \45° ohms, and at 

15,916 ^ it has fallen to 67-12 \19°~19~'. It is evident that 
when a first wave of e.m.f with local amplitude e volts moves 
aloDg this line, at a frequency of say 796 ^, it propels a wave 
of current whose local amplitude is — 






-r = 00042126 /43° 13' ampere I (210) 



237-4 \ 43° 13' 

or a current which leads the local voltage by 48° 13'. The 
power developed in urging the current forward will be ei cos 
43** 13' watts, and the reactive power developed in storing 
energy in the dielectric will be ei sin 43° 13 ' watts. 



128 APPLICATION OF HYPERBOLIC FUNCTIONS 

TMe V 

Initial Sending-end Impedance per Single Wire for a twisted 
pair of No. 19 A.W.G. copper wires paper-covered in cable. 
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Table VI gives the surge-impedance of " standard " telephone 
cable, referred to in Table III, for five frequencies — 



Tahle VI 
Wire Surge-Impedance of " Standard " Telephone Cable. 



Frequency. 
Cycles per Second. 


Angular Velocity. 
Radians per Second. 


Vector. 
Ohms. 




625 

1,250 

2,500 

5,000 

10,000 




99-5 

199 

398 

796 

1592 


803-0 \40°39'38" 
570-1 \42**28'29" 
403-6 \43M0'25" 
285-65\42*'50'36" 
202-47 \46° 29' 36" 



The graphs of the surge-impedances in Tables IV and V are 
given, in Fig. 60, at AAA' for the aerial wire, and at C C C 
for the cabled wire. The abscissas represent the effective 
resistance, and the negative ordinates the condensive reactance 
at each frequency. 

Initial Sending-end Impedance, — It will be evident from what 
has preceded, in Chapter II, that the surge-impedance z^ of a 
line is also the initial impedance of that line at the sending 
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end. If the line is indefinitely long ; or, ia finite, but connected 
to ground through a terminal impedance of z^ ohms ; then no 
reflected waves return from that end to modify the strength of 
tlie outgoing waves ; so that the initial sending-end impedance 
z^ remains, for all time, the final sending-end impedance. In 
general, however, the reflection of current waves from the 
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Fio. 60.— Loci of Vector luitint Sendiog-end Impedances at different freqnenoioa. 

distant end altera the outgoing current during the unsteady 
state ; so that the final sending-end impedance becomes 
changed from z^ to z^ tanh 9, if the line, of angle 6, is directly 
grounded at the distant end, and from 2^ to z^ tanh (fl + ^). 
if the line is grounded through an impedance which subtends 
with the line an auxiliary hyperbolic angle fl'. 

Transmission over an I-ndefiniiely Long LiiK. — We have 
alrt'ady seen [(15) (16)] that the pressure and current along a 
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line of uniforai electric constants in the steady state are subject 
to the foUowitig conditions — 

Ep = Ea cosh L,a - li^^ sinii L,a . r.m.s. volts l_ (211) 
and Ip = Ijicosh L^a — ^sinh L,a r.m.s. amperes {_ (212) 

where Ep and Ip are respectively the voltage and current at the 
point considered, L, km. (or miles) from the sending end ; 
while Eji and Ia are the impressed r.m.s. voltage and the enter- 
ing r.m.s. current at the sending end of the line, z^ is the 
vector surge- impedance and a the vector attenuation-constant 
of the line at the frequency considered ; so that L,a is the 
hyperbolic angle of the line, as moiisured from the sending end 
to the point cowsidered. When the line is of such great length 
that the returning waves reflected from the distant end of the 
line during the unsteady state can be ignored, the final sending- 
end impedance remains equal to the initial sending-end imped- 
ance z^, and the final outgoing current in the steady state 
remains the same as the initial outgoing current ; viz. — 

Ea 

Ia— -- . r.m. 3, amperes l_ (213) 

Consequently, for such long lines (211) and (212) become — - 

Ep = Ea (cosh LjO — sinh Ljo) = Eae " '^'' 

= EAE-^"'\iv(s . r.m.s. volts [_ (214) 

Ip = -;^(cosh LjO — sinh L^a) = ^— 

Eae-'-'"! 

— — XLiC;, r.m.s. amperes /_ (215) 

TiuB the r.m.s. voltage and curreni, at a distance L^ km. from 
the sending end, are the normally attenuated values of the 
initial values impressed at the sending end. The ratio of the 
voltage and current remains constant at z^ ohms for all points . 
along the line. 

As an example, we may consider a circuit length of 100 miles 
(1609 km.) of the twisted pair cable of No. 19 A.W.G. copper 
wires already referred to, subjected to an impressed e.m.f 
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of 4 volts, at a irequeiii;y of 79C cycles per second. This will 

correspond to 2 volts on each wire. Table II gives theattenua- 

tion-constant at O'llS /46° 4 7' = 008079 +jX)'08602 hyp. per 

^k km.; while Table V give the initial sending-end impe<iance 

V at 237-4 \43° 13' ohms. The initially outgoing current on each 

r 

m 



wire will therefore be — — - - = 0-008425 /43° 13' 



.amperes; or 8-425 milliamperes, leading the impressed e.ra.f. 
by 43° 13', or nearly one-eighth of a cycle. Because the cable 
ifaosen is so long, and the waves that return reflected from 
the distant end are so minute, the outgoing current in the 
steady state has the same strength as the initially outgoing 
current. At a distance of Lj = 30 miles say (4S'28 km.), 
the hyp. line angle Ljai will be 48-28 X 0'08079 = 3'901. The 



lal attenuation-coefficient will be e'^'^'= j^rr^ = 0'0202.3. 



^VThe voltage will have fallen to 2 x 0'02023 = 004046 volt. 
^■The current strength will have fallen to 8-425 /43° 13' x 
^pO-02023 = Q-17Q4 /43°13' milliamperes, the current still lead- 
^" ing the local voltage by this phase. Both the current and 

pressure will, however, have been retarded ia the transmission 

by 48-28 X 0-08602 = 4153 radians, or 238= ; so that the full 
|. expression of voltage and current for the point considered, 

¥ith reference to the phase of the e.m.f. impressed at the 

sending end is — 

Ep= 0-04046X238' volt 



Ip = 0-1704 \194'' 47' milliampere 

&he ratio of which is 237-4 \43° 13' ohms, or z^. Or we may 
B«xpress the same result by saying that the vector attenuation- 
soefficient is e" '-'" = e-s«»i . e-^*'^^ = 0-0203\238^; bo that the 
^oltE^e at P is Ep = 0-0400 '"238"°"" and the current at P is 
= 0-1704 ~r9"4"''"4r"milliampere. 
Table VII gives the voltage and current in each wire of the 
telephone circuit considered, for varying distances L, miles 
'rom the sending end. 
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T'thle VII 
Hyperbolic Line Angles and Allenuatioo-Facbors for Cable 
Circuit at tlie frequency of 796 — or w = 5000. 
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It is evident from what has already been considered ia 
connection with normal attenuation, that if instead of finding 
the current and voltage at different distances along an in- 
definitely extending line, we cut the line at successive distances, 
and connect each wire to ground potential through an impedance 
z^ l_ ohms, we obtain the same results. Tliua, if we cut the 
line at 30 miles (48'28 km.) from the seeding end, and bridged 
the ends through 474.-8 \43° 13' ; or 237'4 \43M3' between 
each wire and ground, the current through this terminal 
impedance would be 01704 \194'' 47' r.m.s. milliampere, while 
the voltage to ground at each wire end would be 0'0405 \238'' 
volt (0081 \238° volt between the wires), corresponding to 
normal attenuation at this distance from the sending end. 

If, however, instead of grounding each wire through z^ ohms,, 
at the point where we cut the line, we ground through some 
other impedance ; then the steady state will be disturbed by 
reason of the reflections set up from the terminal impedance 
during the unsteady state, and formulas (15) and (16) must be 
used, in order to determine the terminal voltage and cuirent. 
In general, if the terminal impedance a,, ia greater than z^. the 
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current to ground will be reduced, and if Zr is less than z^y the 

current to ground will be increased, with respect to the current 

of normal attenuation ; but the conditions evidently depend 

on the argument as well as on the modulus of the terminal 

impedance used. 

In the particular case, however, when the distance L^ from 

the sending end is so great that the current wave reflected from 

the grounded end makes no appreciable reappearance at the 

sending end, we have by (169). 

■p 
Ia = — r.m.s. amperes /, (216) 

E 
Ib=-— r-i— 1~^ . . ,i „ ,,(217) 



• • 


> • 


Ea 




z^ sinh L^a 


• 


Ea 
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-ka) 


2Ea 





,» »» 



. (218) 



^o (^^* ■" ^ "^^") 



,» ,» 



„ (219) 



But when L^ is large, e "^i* becomes very small by comparison 
with 8^* and may be ignored. Consequently — 

Ib = -^y. = ^^B - 1^« = :^^e - Li»i XLiOg r.m.s. amperes (220) 

*o o o 

which received current is just double that which flows to ground 
through a terminal impedance equal to the surge-impedance, 
or the normally attenuated current at the distance L^. This is 
for the reason that the effect of grounding a line is to reflect the 
arriving voltage wave with 180° change of phase, or to annul 
that wave locally ; whereas the arriving current wave is reflected 
with no change of phase, or is doubled in amplitude. The same 
proposition applies to a composite telephone line, or line of 
several different sections in series, provided that the length of 
the last section is so great that waves reflected from the grounded 
end do not appreciably disturb the waves as they enter that 
section on the sending side. That is, if the normally attenuated 
current at the distant point would be Ib L r.m.s. amperes, the 
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current flowing direct to ground at that point will be 21^ /. rnia. 
amperes. 

Fig. 61 is a reproduction of a curve-sheet (Fig. 1) accom- 
panying the paper on " Loaded Telephone Lines in Practice," 
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read by Dr. Hamiuond V. Hayes before the Intemation 
Electrical Congress of St. Louis.* Curve 1 gives the observe 
attenuation- factor on an unloaded telephone cable circuit 

• Tram. Am. Int. Elect. Congreas of St. Imtis {1904), vol. iii. pp. 64 
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88 ohms per ioop-milo (27-34 ohms per wire-km.) and 0'068 
microfarad per loop-mile (0'0845 X XO"" farad per wire-km.) in 
actual tests with standard terminal apparatus. It corresponds, 
therefore, to the resultant attenuation-factor of all the range of 
frequencies entering into telephonic transmission. If we replot 
Curve 1 on semi-logarithm paper, i.e. paper ruled with ordinary 
eijuidistant abscissas, but with logarithmic ordinates. like the 
distances along a slide-rule, we obtain the wavy line bhh 
(Fig. 62). This corresponds substantially with the straight 
line 10, h'. If the attenuation were normal for a single 
frequency, it would follow such a straight line. Thus the 
attenuation -factors in Table VII, plotted in Fig. 62, give the 
broken line I'O. E. The straight line TO, 1/ falls to 0-01 in 
36 miles, or 58 km. Consequently the real attenuation -constant 
a^ on this actual circuit was substantially — 

or 01 = 0-0795 hyp. per km. (0128 hyp. per mile). But there is 
one and only one simple frequency which would develop this 
attenuation-constant on such a cable, and it is determined by 
the semi-imaginary relation — 

liyp. , 



= ,^/(27-34 + j0)(0+j0-0845 X lO"'-) = 0-0705 4- jO-0795 . 'ii-Pi (221) 
^(27-34 /0")(0'Q645 m x 10'° | 90°) = 0'1134 /4V 

V2-3r»"x 10-8 |^° = J6m2tM~TW 



12634 _ 



rad/8«i 



corresponding to the single frequency /= 546!)/6'283 =870-6 —. 
The line therefore behaved substantially as though a single 
frequency existed in the voice ; or els though the pitch of the 
acoustic vibrations wore between |y" and a", at the top of the 
treble clef 

Assuming that such a single frequency were impressed on 
the circuit at the sending end, we have seen that the attenuation 
would not be normal as the circuit increased in length ; because 
the impedance of the receiving apparatus is not the same as the 
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^1 Hurge-impedaiice, The deviations of the curve hbb (Fig. 62) 1 
^^ from ihe straight line O'/might possibly be explained in thia way. ■ 
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H Fin. 62.— Ciir\-ea sliowing the observed Telephonic Attenuation-Factor on an ■ 
^H Abxlttnt, Diilanera fnm Stndin^ md, Mil'i and Sia. ^| 


H From many such measurements, telephone engineers have H 
^k generally adopted the angular velocity la = 5000 as the mean 1 
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angular velocity of telephony, corresponding to the frequency 
^=796^, which is taken as the standard telephonic fre- 
quency. The reason for this remarkable apparent singularity 
of frequency dominant in a telephone circuit is perhaps con- 
" nected with the fundamental tone of the transmitter and 
receiver diaphragms. 

Fifty kilometers (31 miles) of such cable is approximately 
a moderate commercial limiting telephonic range, while Figs. 61 
and 62 show that the attenuation-factor is about 0018 at this 
range, or e~^ Consequently, a first approximation to a 
moderate commercial limiting range on any circuit is given 

by the formula — 

Lai = 4 hyp. (222) 

or— L =- km. (223) 

«i 
where a^ is the real attenuation- constant at co = 5000. 

Applying this rough rule to the aerial circuit taken in 
connection with Table I, we find that L = 4/0004684 = 786*8 km. 
(489 miles). In the case of the cable circuit taken in connection 
with Table II, L = 4/0-08079 = 49*52 km. (30*77 miles); and 
in the case of the standard cable circuit of Table III, L= 
60*17 km. (37*4 m.). At this range, the normal distortion-ratio 
for the octave above the standard frequency would be e"^*^^ for 
the aerial circuit, e ~ ^'^^^ for the cable circuit of Table II, and 
g- 1-474 {qy the standard cable circuit of Table III. This explains 
why the articulation is ordinarily better over long aerial lines 
than over cable lines of these types, when the sound in the 
telephone is reduced to the commercial limit of volume. 

Although the value of a^ for the standard telephonic frequency 
is, in (222) a criterion of the telephonic limiting range over ji 
given uniform line ; yet this can only be a first approximation, 
because it makes no allowance for the reflection of waves from 
the terminal receiving apparatus in the unsteady state, and the 
reflections are dififerent with different types of line. Conse- 
quently neither the real component of the hyperbolic angle 
subtended alone by a line, nor the value of the real attenuation- 
constant, is an accurate criterion of the telephonic ranger of the 
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line, even with standard terminal apparatus, and when the line 
ia uniform throughout. Still leas are the hyperbolic angles of 
the aections of a composite telephone line, or their simple vector 
sum, a proper criterion of the limiting range; because the angle 
of a Une section depends, as we shall see, upon the constants 
of the aections with which it is connected. Strictly speaking, 
the criterion of telephonic range ie determined by formula 
(59) or- 

''" .-.sinhO + rr^BVO ■ '.""""Pe"' (22-1) 

where E^ ia the r.m.a. voltage of standard frequency impressed 
on the uniform line at the semiing end, s^ ia the vector surge- 
impedance of the line, z^ is the vector impedance of the receiving 
apparatus, and d is the vector hyp. angle of the line, all at 
standard frequency. If the distortion-ratio of the circuit in the 
upper necessary frequencies is not too low, the circuit will fail to 
transmit satisfactory speech only when I^ faOa below a certain 
limit. Taking E^ at an average standard value, this means that 
the circuit will fail when the receiving- end impedance z^ ainh 9 
+ Zr cosh B exceeds a certain value. In practice, it appears that 
when this impedance exceeds 100,000 ohms per wire, or 200,000 
per loop, even expert telephonists are unable to communicate, 
but when it does not exceed 12,500 ohms per wire, or 25,000 
ohms per loop, commercial telephony is readily possible. 

The receiving- end impedance of a simple non-com poaite 
telephone circuit may, then, be written — 

Z, - :„ sinh + =■, coah Q = z^ ainh (l + ^ coth 0\ 

ohms /_ (225) 
The proportional increase in the impedance of a circuit due to 
the receiving apparatus depends thus upon the ratio Zrlz and 
upon the cotangent of the line angle 6. 

As an example, let us cousider a "Standard" cable of the 
type discussed in connection with Tables III and VI, 60174 km. 
{37'4 miles) in loop-length, with a terminal receiving appara- 
tus of 100 ohms effective resistance, and 500 ohms effective 
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reactance, at the angular velocity of o> = 5000. The angle 
subtended by the line alone is = 57682 /46° 05^ W = 4000 
+y4'15597 hyps, (see Table III). The wire surge- impedance at 

the standard frequency is, by Table VI, 285 65 \42° 5'0'"36". 
If the receiving instrument is short-circuited, the receiving-end 
impedance per wire of the circuit is by (26) and (225) — 



z^ sinh 6 = 285*65 \42° 50' 36" sinh (57682 /46° 05' 44") ohms. 
= 285-65 \42° 50' 36" x 273214 /238° 08' 12 " 
= 7804-43 /195^ 17' 36" ohms, 

and the receiving-end impedance of the loop would be double 
this quantity. Now, removing the short-circuit, and inserting 
the instrument impedance of 100 -h y500 = 50990 /78° 41' 24" 

ohms into the loop at the receiving end, or Zr = 254*95 
/78° 41' 24" ohms to ground potential in each wire, we have, 

by (225), the total receiving-end impedance per wire — 

/ 254-95/78° 41' 24" x 

Z/=7804-43 /195° 17' 36" (1 -h :^^^==^ coth 6) ohms. 

V 285-65\42° 50' .S6" / 

=7804-43 /195° 17' 36" (l-hO-8925l7\121° 32' 00" 

X 1-00097/0° 02' 04") 

(1 -h 0-89338 \121 ° 34' 04") 

(l-0-46769-hy0-76118) ' 
(0-53231 -hyO-76118) 
= 7804-43 / 195° 17' 36" x 092884 /55° 02' 03;;' 

= 7249-09 /25 0° 19' 39" ohms, " 

which shows that, in this particular case, the insertion of the 
receiving instrument diminishes the receiving-end impedance 
per wire from 7804*4 to 7249-1 ohms ; so that inserting this 
particular receiving apparatus would increase the strength of 
the current received at B by 7 65 per cent. But if the receiving 
apparatus, keeping an impedance of 254-95 ohms per wire, 

happened to possess an argument of \42° 48' 32" instead of 
/78°^41/24^ the insertion of the instrument would add 89-25 

per cent, to the receiving-end impedance, or increase it to 14770 
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/195° 17' 3 6" ohms per wire (29,540 obms per loop). More- 
over, it is easy to see tliat the effect of inserting similar receiviDg 
appHmtus into a cable circuit on the one hand, and into au 
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Fio, 63.— Equivalent Circuila of Lines with ground return and metallic return. 

aerial circuit on the other, will, in general, make a considerable 
relative difference in the receiving-end impedance, owing to the 
difference in argument of z^ for the two circuits. Thus, if we 
insert the inatrument above considered into the receiving end 



H 
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of an aerial line of 786*8 km. of loop-length, and of the con- 
stants discussed in connection with Tables I and IV, the effect 
would be to increase the receiving-end impedance nearly 20 per 
cent. In both circuits the real component of the line hyperbolic 
angle would be 40 hyps., and their normal attenuation-factors 
would eacb be 00183 ; but the insertion of this particular 
receiving apparatus would change their relative actual attenu- 
ation-fectors considerably. It should be noticed, moreover, that 
although the impedance of an ordinary receiving sub-station set 
has a modulus of about 250 ohms per wire ; yet its argument is 
ordinarily more nearly 30° than 78° 41' 24", as above assumed. 

Equivalent Circuits of Telephone Lines, — The simplest types 
of fixed-impedance conductors capable of replacing, in all 
external relations, a given telephone line, at a given single 
frequency, are, as already observed in relation to (70) and (75a), 
the equivalent T and 11, As an example, we may take the 
case of a cabled line 50 km. (31068 m.) in length, with the 
following linear constants — 



Ohms . 
Henrys 
Mhos . 
Farads . 



Per Loop Mile. 



r" = 90 

r = 1-126x10-3 

c" = 0-08x10-6 



Per Wire Mile. 



Per Loop km. 



r = 0-563 X 10-6 
c' = 0-16x10-6 



r,. = 55-92 
I,, = 0-70 X 



9^ 



= 

= 0-0497 



10-3 
XlO-6 



Per Wire km. 



r = 27-96 

l = 0'B5 xlO-3 

g = 

c = 0-0994 X 10-6 



We have already seen (35) that we obtain the same value of 
attenuation-constant, whether we use loop- or wire- constants. 
With the above values, and co = 5000, we find — 

a^^ = a = 01179766 /46° 47' 26^' hyp. per loop-km., or 

wire-km. 
e^^ = e = 5-89883 /46° 47' 26" hyps, for the loop or either 

wire. 



z^^^ = 474-755 \43° 12' 34" ohms for the loop circuit. 
Zo = 237-3775 \43° 12' 34" ohms for either wire. 

The simplest elements of a telephone circuit are indicated at 
the top of Fig. 63, both for the loop, and for one wire to neutral 
potential surface. 
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The equivalent 11 and T of one tine wire are indicated at 
ABGG' aud AOBG in Fig. 63. The aichitrave impedance is 
6736-96/156° 51' 15" ohms, which is also tbe receiving-fnd 
impedance of each line, excluding tbe receiving instrument ;, ; 
because, if we ground the line at B, the current which will flow 
to ground at B will be the impressed potential at A, divided by 
this architrave impedance. 

The equivalent circuits of the loop line are indicated at 
ABB"A" and AOBB'OA' in Fig. 63. The former is a rectangle 
of impedances, the latter an / of impedances. It will be seen 
that the rectangle ABB"A" ia merely a doublet of the single 
line n, ABG'G ; while the /, AOBB'OA' is merely a doublet of 
the single-line T, AOBG. The receiving-end impedance of the 
loop circuit is evidently 2 x 673696 /"TSS^Tf'Ts" = 1347392 
/ 156° 51' 15" ohms, excluding the receiving instrument Zr. 

Since, then, the equivalent circuits of metalbc-circuit, or loop 
Hues, are mere doublets of those for their component single 
wires, aud the latter are easier to think about and discuss, we 
will confine our attention to the latter. 

Artificial Lines/oi- Telephony. — It would appear from Fig. 63 
that, at the frequency considered, either the single rectangle 
ABB'A", or the single / AOB, A'O'B', is the complete equiva- 
lent externally of the actual line. This being the case, it ia 
theoretically unnecessary to employ an artificial line divided into 
numerous sections to represent the behaviour of the actual line. 
Either one of these equivalent circuits is sufficient at and for 
this single fi'equency. It is to be noted, moreover, that the 
rectangle is not capable of being constructed in impedances 
without the aid of transformers, because the argument of the 
architrave exceeds 90°. The / is capable, however, of being 
constructed of resistance, inductance, and capacitance, without 
transformers. As a general rule, either the T or the 77 of a line 
is capable of being constructed, sometimes the one, and some- 
times the other, according to the length of the line, the linear 
constants, and the frequency. 

Since the T and 77 of a line vary with the frequency, it is 
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evident that the T or 11 which represents a line at co = 5000, 
fails to represent it correctly for other telephonic frequencies, 
and that the discrepancy depends for its amount, among other 
things, on the length of the line. Consequently, it is unsafe to 
assume that a single-section artificial line — its T or 11 — which 
happens to represent it correctly at the standard telephonic 
frequency, represents it adequately for all telephonic purposes. 
Experiments have been reported to show that 10-mile (161 km.) 
sections of artificial standard cable adjusted to the equivalent 77 
at o> = 5000, satisfactorily imitate such a cable, so far as acoustic 
behaviour is concerned ; but the dififerences between the /7 of a 
10-mile section at co = 5000 and to = 10,000 are not very 
great. Further published research is needed, in critical com- 
pany with the theory, to show how few sections of artificial line 
can be used successfully to represent a full-range actual line for 
all acoustic purposes. The answer to the question seems to 
depend upon the relative importance and prominence of the 
upper frequencies. 

Influence of Increasing the Distributed Linear Inductance of a 
Line, — As was first pointed out by Heaviside, the efiect of dis- 
tributed inductance in a telephone line is to diminish the 
attenuation of the telephonic current. The influence of increas- 
ing linear inductance on the attenuation-constant is clearly shown 
geometrically in Fig. 64, where O I is the vector linear impedance 
of the conductor, z =^r +jx ohms per km. The linear admit- 
tance of the dielectric, y= ^ -\-jb mhos per km. is shown similarly 
at O A. The argument of z is )Sj, and of y, p^^ radians. The 
product zy, or a^, is then indicated at O B, whose modulus is 
the product of the moduli z and y, and whose argument is 

P\ + Pv ^^® ^^^ ^f ^^® arguments of z and y. At O C is indi- 
cated the square root of O B, or the vector attenuation-constant 
a in hyps, per km., where the argument is half the argument of 
O B. The real part Oc is the hyperbolic component, and the 
imaginary or /-part cC is the circular component. 

As the linear inductance / of the line is increased, the linear 
reactance x = Ico increases proportionately. This has the im- 
mediate effect of increasing the modulus or length O I, and also 
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Fig. 64.— Vector Development of an Attenuation -Constant. 
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of increasing the argument Py The secondary effect of the 
change is to increase the modulus O C in the square-root ratio, 
and to increase the argument of O C by half the increase of P^ 
The vector attenuation-constant a is thus somewhat increased ; 
but, owing to the increase in argument, the real component a^ 
is markedly diminished ; while the imaginary component 02 is 
increased. The increase in a^ merely diminishes the velocity of 
propagation, and shortens the wave-length ; while the reduction 
in a^ reduces the attenuation. 

Limit to the Bedv/ition in Attentiation vnth Increasing Dis- 
tributed Indtictance, — If, as generally happens, there is dissipation 
of power in the dielectric ; so that g is not zero, and the argu- 
ment P2 of O A, Fig. 64, is less than 90° ; then there is a limit 
to the benefit that can be obtained in lessening attenuation by 
increasing the distributed linear inductance. It can be demon- 
strated, either algebraically, or geometrically, that increasing 
Jx in Fig. 64 diminishes a^ until j8i becomes equal to /Sg- Beyond 
this critical point, further increase in jx increases a instead of 
diminishing it. 

This result is indicated geometrically in Fig. 60, which con- 
tains a direct geometrical construction for a, having given the 
vector linear conductor impedance oz', and the linear dielectric 
admittance oy'. Construct the triangle Ogy to the proper scale of 
linear admittance, with the base O^ on the axis OX. Then the 
angle yOg = /Sg- On Oy as base, construct the triangle Orz, to 
the proper scale of linear impedance. Then the angle zOy = P^ 
and the angle zOX = Pi+ Pr Take Oo; = O2;. With centres 
X and z, and equal radii, draw intersecting arcs at A, to bisect 
the angle «0X. Join OA, which is the bisecting line. Through 
O draw the dotted line aa perpendicular to OA. With centre 
O, carry circular arcs from z and y, to intersect aa at the points 
Z and Y respectively. On ZY as diameter, construct the semi- 
circle ZpY, intersecting OA in p. Then Op is, to scale, the 
vector attenuation-constant a. Its projection O^ on the axis 
OX is ttj. the real or hyperbolic component ; while pq is Og, the 
imaginary, or circular component. 

As rV, the linear conductor reactance is increased, by 
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Fkj. 65 — Geometiical Construction of Vector Attenuation-Constant showing the 

development of a minimum real component. 
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increasing distributed inductance on the line, the triangle On 

extends, in succession, to the points 123 . . . 8, along the dotted 

line r8. By repeating the above-described construction, it will 

be found that the locus of the vector attenuation-constant 

pursues the corresponding curved path 012 ... 8. The mininoum 

real attenuation-constant, 05', occurs at the point 5, Avhere the 

argument 50r of /Sj is equal to the constant argunoeut /8^ of the 

dielectric admittance. 

If, then, there be no dissipation of power in the dielectric, or 

g = 0, there will be theoretically no limit to the reduction in a^ 

obtained by increasing x, assuming r constant; although the 

proportional reduction becomes less and less as a; is increased. 

But when dielectric dissipation exists, no benefit of reduced 

/ c 
attenuation is obtained when /S^ overtakes ^^; i.e. when ~ = — ; 

t/ 
or when the time-constant of the conductor is equal to the time- 
constant of the dielectric. In such a case, the argument of z^ 
is zero ; or the line behaves like a non-inductive resistance to 
all frequencies, and the real attenuation-constant a^ is the same 
at all frequencies, so that the normal distortion-ratio is 1 for all 
ranges and the line is distortionless. 

The same proposition would hold, by symmetry, if jS^ were 
greater than/Sg- In that case, the increase of linear capacitance 
c would reduce the real attenuation-constant until the argu- 
ment ^2 overtook the argument p^ In either case, the maximum 
benefit is obtainable when /S^ = jSg. ^^^ as to minimum attenua- 
tion for the frequency considered and as to the same attenuation 
for all frequencies or absence of distortion. It is also evident that 
no circuit can theoretically be distortionless which has no dielectric 
dissipation ; because such a perfect dielectric could only make 
Pi^^P^ at infinite linear reactance x^ since r cannot be made zero. 

In practice, with actual telephone circuits, p^ is always greater 
than /Sj, which means that inductance has to be added to the 
line to diminish attenuation and distortion. This is true even for 
aerial lines, and it is markedly true for cabled lines. Separating 
the wires of an aerial loop, as suggested by Heaviside, helps 
to reduce attenuation and distortion, by increasing / while 

L 2 
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dimluishing c \ but since / only increases as the logarithm of the 
distance separating the wirea, the practical benefit obtainable 
in thia way is comparatively small, and no marked benefit was 
obtained until the Pupin system was adopted of artificial in- 
ductance coils, inserted in the line at suitable regular intervals; 
i.e. until lines became regularly loaded with inductance. 

Loadid Lines. — ^A regularly loaded line differs from the same 
line, with the same total inductance uniformly distributed, 
owing to the effects of lumping or imperfect distribution. The 
principal formulas dealing with the effects of regular inductance 
loading are (107) to (115). From a theoretical standpoint, we 
may either analyse the behaviour of the loads, as Campbell* 
has done, by analogy with the propagation of waves along a 
periodically loaded sfcring.t studied by Godfrey; or by con- 
sidering line sections replaced by their equivalent 7"s as in 
Fig. 20, and (107) (Bibliography, 48); or by grounding the line 
at the middle of each successive load and comparing the received 
current in each section with that received over an equal length 
of smooth line. (Appendix G.) (Bibliography, 29.) 

The following particular case may be taken from actual 
practice, as an example. 

A cabled line has the following linear conatanta^ 



distances of 2607 km. (162 m.), inductance 
coils of 9'07 ohms effective loop resistance, and 0'1766 henrys 
loop inductance, are inserted in the cable. 
I The attenuation-constant of thia cable, unloaded, at the 
I standard telephonic frequency (co ^ 5000), is — 
I a = V(2T34TjT0T0)(M5+74474)T0^ 
I = ^/(ITBSfl /2° 06' 57") (447'4 /89° 43' 30") X IQ-" 

I = 011064 /45° 55' 14 " = 0'07697 -f yO-07948 hyp. per km. 

H * l^f BiMiogrftphy, 27. t See Bibliography, 19. 

L 
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The surge-impedance, unloaded, is — 

z^ = x/(27 359 /2° 06^ 57^0 /(447-4 x IQ-^ /89° 43^ ZO") 
= 247-284 \43° 48' 16" ohms. 

The hyp. angle subtended by a section of 2*607 km., unloaded, 
is — 

= 0-28843 /45° 55' 14'' = 020065 +yO-20720 hyps. 

From which sinh = 0*28831 /46° 42' 52", 

and sinh 0/0 = 0*99957 /0° 47' 38". 

The load Z per wire, at o> = 5000, is 4*535 +y441*5 ohms. 
The semi-load a per wire, at co = 5000, is 2*268 +y220*75 

= 220*76 /89° 24' 41^' 

Fig. 66 shows, at AB, a section of this line wire before loading, 
with its length, angle, and surge-impedance. The nominal T of 

this section is shown at aoh ; where ao = ob ^= -^z^ ohms, and 

oG, the staff of the T. or nominal total admittance, is — * The 

z 

equivalent T of the section is then determined by (74) and 
(75). It is shown at a'oG'. A semi-load o is now added to 
each arm of the equivalent T, producing the extended T, A'oB'. 
The arm of this extended T is indicated, at oB', as 37*90 + 
y222*56 ohms. The next step is to revert from the extended 
r, which includes the loads, to the smooth line A"B", its 
equivalent by (84) and (86). The angle of one section of loaded 
line is thus 0*0621 +yO*7384 hyps., and the loading has reduced 
the real, or hyperbolic, component of the line angle, from 0*20065 
to 00621 hyp. 

It is to be observed that on the short section of 2*6 km. here 
considered, there is very little difference between the nominal 
Ty aobO, and the equivalent T, a'oh'G', The great change is 
brought about by the addition of a to each arm of the T, An 
examination into the effect of this extension shows that there 
is a certain amount of reactance in o which the T will stand 
without unduly increasing the real part of 0', the equivalent 
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angle of the extended T. Beyond thia critical value, the real 
part of 9' runs up, at first slowly, and then very rapidly, until 
the real part becomes enormous. 

L'= Z-iOJ hn 
S= 0-aooiS--hi 0-201 20 



z, = 247.36* vr 



-V ':b' 






Fio. 06.— Section of a Loaded Line developed through the Equivalent T. 



If we assume that the additional resistance and inductance of 
the loads in the case considered is distributed uniformly along 

the line, we have the modified linear constants — 

r + r" = 29-08, I -\- I" = 0-034072, <j" = 2'15 x 10 ^ ». 
c" = 0-08948 X 10-«. 

and we obtain, for m = 5000, by (33) or (150) the corresponding 
smoothed attenuation-constant — 



= 0-02414 +yo-27702 = 0-27807 /85° 01' 



hyp. per km. 
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and the smoothed angle subtended by a loaded section from 
mid-coil to mid-coil — 

e" = 0-06294 -f-yO-72213 = 0*72493 /85^ OV 08 ^^ hyp. 

with a smoothed surge-impedance — 

zj' = 621-518 \4° 42' 20" ohms, 

whereas the actual attenuation-constant of the loaded line is — 
a' = 002382 -f-yO-28323 = 028423 /85^ 11' 30'^ hyp. per km. 

This means that the real attenuation-constant at lo =5000, 
of the loaded line, with its inductance added in lumps every 
2 607 km., is less by 1*4 per cent, than it would have been 
if the same extra resistance and inductance were distributed 
uniformly. The possibility of this unexpected result was first 
demonstrated mathematically by Campbell. In general, however, 
if the lumps of inductance are relatively large, and are too far 
apart, the reverse condition sets in ; namely, that the real 
attenuation-constant a\ of the lumpy loaded line is greater 
than the real attenuation-constant a^" of the equally loaded 
smoothed line, and in some cases enormously greater. 

We obtain the same results as those above stated, and pointed 
out in Fig. 65, if we employ the Campbell formula (112) for 
deriving the actual loaded section-angle 6\ or attenuation- 
constant a'. But whichever formula we select from (107) to 
(112), for this purpose, we find in it a high degree of sensi- 
tiveness. That is, a relatively very small error in the steps of 
the computation, or in the values of the hyperbolic functions; 
may involve a considerable error in the result. Consequently, 
more than ordinary care is necessary in working with these 
formulas, and a higher degree of precision is needed in the 
tabular values of sinh (6 l) cosh (6 l.) and tanh (6 l) than is 
ordinarily required. Formula (112) has, however, been carefully 
investigated by Campbell, who has shown* that for the case of 
an extra effective resistance in the load coils, amounting to half 
the unloaded line resistance, and negligible inductance in the 

♦ See Bibliography, 27. 
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fiDloaJed line, there is the fi>Ilowiiig p&ee&tage of excess in a^ 
OTer a/' — 

For 1%^ 3 eoik per s&MCiicd w&Te4eikgtIir «' | » (yivr 500^ gietfcr than «"!. 

--> - - ~ T^^ 

^6 - -. ^ 3^„ 

«. 1 ^ ^ — z ^ ^ 

••O — — — l^w 

These results are affected to some ext^it br the ratios T^'jr 
and r' /. With mor^ than 8 ooib per smoothed waTe-length, 
the difference between cf^ and €l\ becomes insignificant. 

The "* smoothed wave-length ** is defined hj the fimnnla — 

,„ ±x 2:r 1 

^ ^ ^^(i^noKao ^ €os/{l + /> ""/ V(/ + O^ *^™-<226) 

where T' is the extra linear inductance of the loading assumed 
distributed. Thus, the smooth wave-length in the case con- 
sidered is — 

, I - = 22-758 km. ; 

795 8^0034072 x 0O8948 x 10* 



r = 



so that, since there is one coil per 2*607 km., there are 8*73 coils 
per smoothed wave-length. In the case considered, the extra 
linear resistance of the loads instead of being 50 per cent, 
of the unloaded linear resistance, is only 6'4 per cent, thereof, 
which changes a\ to slightly less than, insteail of slightly 
greater than, a'\. 

Strictly speaking, the smooth wave-length I" should be 
obtained by the full formulas (151) and (162) ; but in the case 
of a loaded line, r and g become so much smaller than ko and cto 
respectively, that the shorter formula (226) suffices. For the 
same reason: the smoothed velocity of propagation becomes 
by (159)— 

v" = , --^ = —j - ,— - . km. per sec. (227) 

whi(jh is, therefore, to the degree of precision under discussion, 
constant for all frequencies impressed on the line. The 
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number of coils which advancing (smoothed) waves of any 
frequency will encounter per second must therefore be — 

^" = g = LV(T+/> • • -"« P«^ ««''• <228) 

In the case considered, the actual velocity at o> = 5000, over the 
unloaded line, is t? = 62,910 km/sec. The actual velocity over 
the loaded line is t?' = 1 7,654 km/sec. The smoothed velocity, 
by (227), is v" = 18,111 km/sec. The smoothed number of 
coils struck per second by advancing waves is then, by (228), 
N" = 6947. 

The number of coils per smoothed wave at any frequency / is — 

V' N" 
n" = p = — . coils per smooth wave-length (229) 

Thus, in the case considered — 

at CO = 5,000 or /= 7958, 7i" = 8-73 
,,oi-^ 10,000 „ /= 1591-6, 7i" = 4-365 
,,oi^ 12,566 „ / = 2000, n" = 3473 
„ ft> = 15,000 „ /= 2387-4, n" = 291 

We have already seen, however, that at n" = 3, a'^ is more 
than six times o^", which means that there would be heavy 
attenuation at a> = 15,000, and the attenuation commences to 
rise rapidly at o> = 10,000. But it is found in practice that 
N'' = 6947, or roughly 7000 coils struck per second, is a satis- 
factory condition for commercial telephony. Hence we may 
consider it demonstrated that /= 2000 (co = 12,566) is ap- 
proximately the highest frequency that has to be preserved for 
intelligible speech. A loaded cable line is, in fact, a wave sieve, 
that rapidly damps out and extinguishes currents of frequency 
higher than N'7^ cycles per second. (See Appendix G.) 

It should be remembered that, in the preceding discussion, 
we have referred for convenience all our results to v'\ N", and 
}!\ the smoothed-line conditions. Near the limit of n coils per 
smoothed wave-length, the actual wave-length A' shortens con- 
siderably, and the actual velocity ti\ diminishes in like manner ; 
so that there are actually ti' = 2 coils per actual wave-length, 
when there are %" = n coils per smoothed wave-length. 
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In designing loads for a line.it is sufficient, according to the 
above principles, to provide sufficient extra inductance, assumed 
uniformly distributed, for the required reduction of the real 
attenuation-constant Oj to a^'. Then the spacing of the load 
coils must be such that 7000 are struck by advancing waves 
per second ; or, in other words, that there shall be more than 
n coils per smoothed wave-length X", at the highest frequency 
(about 2000 ~) which has to be preserved. There will then 
be 2n coils per wave at/= 1000 — , 4ji coils per wave at 
/=500 — , and so on. For accurate results, however, recour-'^e 
must be had to some one of the fiiH formulas (I07J to (HoJ. 

Efftct of Leahatfe on Loaded Zines. — It is observed in practice, 
and is noticeable in the arithmetical theory here under discus- 
sion, that when a line is heavily loaded, it is more subject to 
disturbance from casual extra distributed leakage than when it is 
in the unloaded state. Accidental leaks along the line, and 
defective insulation during storms, influence a loaded line more 
prejudicially than a similar line unloaded. An explanation of 
this behaviour is found in the relation of a change in the 
dielectric conductance argument on the attenuation -constant 
argument in tlie two cases. Thus, refen'ing to Fig. 64, if, by 
reason of linear leakance g, the argument of y falls from 90° to 
8b°, the result will be that the argument of a will fall 1°. In 
an unloaded cable the argument ^^ of the linear impedance is 

small, and the argument Bi_lL£s of the attenuation-constant is 

in the neighbourhood of 45° ; whereas 'in a heavily loaded cable, 
the argument of the linear impedance is nearly 90°, and that 
of the attenuation -constant in the neighbourhood of 85° If 
now the argument of a for the unloaded line drops from 43° to 
44°, the change in a^ is an increase of about 1-7 per cent.: 
but if the argument of a for the loaded line drops from 85° 
to 84°, the change in a, is an increase of neariy 20 per cent. 
Leakance in a loaded line baa, therefore, to be restricted and 
avoided more carefully than in an unloaded line. (For a more 
formal demonstration, see Appendix H.) 

Injlnerice of Loading on the Normal Attenuation. — Since thfi 
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immediate effect of loading a line is the same as that of adding 
distributed indnctance, except in so far as the spacing of 
the loads — ie. the lumpiness — may affect the result, the 
loading of a line reduces the real part of its hyperbolic angle, 
and so reduces in the same proportion the exponent IxZi" of 
its normal attenuation-factor e ~ ^^ ". As has already been shown, 
there is no theoretical advantage obtainable, however, in 
carrying the loading so far that the argument of the linear 
conductor impedance jS^" overtakes the average argument of 
the dielectric admittance jSg". Moreover, it usually happens 
that the expense of loading, both in cost of coils and in the 
cost of space to accommodate the coils, makes it inexpedient 
to carry the loading up to this limit, especially because the 
advantage obtainable from any increase in /" is necessarily 
partly offset by the corresponding accompanying increase in /'. 
That is, economy usually demands that the loading falls 
considerably short of the theoretical limit /S/' = /S/'. In the 
case above considered, for example, the loaded linear conductoi 
impedance is =172-826 /8 0° 18' 48'' ; while the loaded linear 

dielectric admittance is = 447-405 x 10-V89 °43' 28". 

Influence of Loading on tJie Surge- Impedance. — An importaut 
and inevitable effect of loading a line with regular inductances 
is to increase its surge-impedance of z^. Thus, in the case 
considered, the surge-impedance of the unloaded circuit was 

247*284 \43° 48' 16" ohms per wire; while in the loaded circuit 
it was 579*77 \4° 25' 15" ohms per wire. But since the receiv- 
ing-end impedance is by (225), z^ sinh ( 1 H — ^cotli 0), it is 

evident that, neglecting the impedance z^ of the receiving 
apparatus, the receiving-end impedance is increased in direct 
proportion to z^. This means that for very short lines, in which 
the reduction in sinh 6 due to the loading has had no oppor- 
tunity to develop, loading a line makes the received current less 
instead of greater. This result is indicated in curve 2 of Fig. 61, 
which shows the received current on a loaded cable, as com- 
pared with curve 1 for the same cable unloaded. It is evident 
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that the current received on a loaded cable of very short length 
is only 25 per cent, of that received on the same cable unloaded, 
and it is not until the cable is about 19 km. (12 ni.) long that 
the current received over the loaded cable overtakes that 
received over the unloaded cable. Beyond this distance, the 
diminished real component of the loaded line-angle more than 
compensates for the increase in aurge-iiiipedance. Neverthe- 
less, it is evident that the increase in t^ Ls a heavy drawback on 
the advantage secured by loading the line. 

The physical reason for the increase in z^ with loading may 
be found in the terminal reflections of the waves running over 
the line in the unsteady or buildiug-up state. It would be a 
tedious and complicated task to compute these reflections, sum 
them, and find their total effect; but in the hyperbolic theory, 
they are automatically and accurately integrated by the change 
in s„ of the steady state. 

Another way of looking at the matter is borrowed from the 
concepts associated with a power-transmission circuit. The 
loading of the line with reactance increases the impedanc 
the line, and diminishes the current flow. This reduces the PR 
loss along the line, and enables the energy to be carried further 
without being absorbed ; but the line has become raised in 
voltage, and calls for a change in the winding of the generator- 
and motor- apparatus at the terminals. These should he 
wound with finer wire, in more numerous turns, so as to 
generate and absorb less cuirent, but at a higher voltage 
than on ordinary unloaded lines. Theoretically, then, i: 
the apparatus remained unchanged in efBciency after re- 
winding, such a modification would be capable of avoiding the 
excessive terminal reflections, and of preventing the change 
2(1 from reducing the received current, by operating on the term 

— coth d in (220). But even if this plan could be satisfactorily! 

carried out in practice, it would involve the use of two seta of 
terminal telephone apparatus, one for unloaded and the other 
for loaded lines, a very objectionable differentiation. A better 
partial solution of the difficulty has been obtained by the use of 
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*' terminal tapers " ; i.e. graded reductions in the loading near the 
ends of a loaded line, whereby the terminal surge- impedance is 
reduced, at some sacrifice in the line-angle. The eflfect of such 
terminal papers is shown in curve 3 of Fig. 61 from Hayes s 
paper. Here the initial current loaded is raised to 67 per cent, 
of the current unloaded, without appreciable detriment to the 
gain in attenuation. 

Another expedient in extended use at the present time for 
reducing the effect of the rise in surge-impedance with the 
loading of a line is the use of terminal transformers. The 
theory of such transformer reduction in e^ is presented in 
Fig. 67. At AA' is a loaded telephone circuit in its simplest 
elements. At the frequency considered, the loaded line sub- 
tends an angle of 6 hjrps., and has an excessive surge-impedance 
of ^o /- ohms per wire, or 2Zq l_ ohms per loop. The transmitter 
operates under an e.m.f. indicated as double, and the receiver 
has a loop-impedance of ^Zr L ohms. At each end of the line 
is a transformer with the higher-tension side to line. Let v be 
the ratio of transformation ; i, e, the ratio of the e.m.f generated 
in the higher-tension winding to that generated in the lower- 
tension winding. Neglecting magnetic leakage, we know that 

V is the ratio of the turns in the higher- to those in the lower- 
tension winding. In the presence of actual magnetic leakage, 

V will vary slightly with the frequency. 

At BB' one wire only of the circuit is shown, worked to 
neutral-potential plane, and the loaded line- wire is shown re- 
placed by its equivalent 7, with p' /_ ohms in each arm, and 
y' l_ mhos in the staff, in the manner represented in Fig. 66. 

At CC the two transformers are supposed to have been 
changed to level transformers, by the imaginary process of 
removing the higher-tension winding, and replacing it with a 
winding of the same number of turns as the lower-tension 
winding, keeping the same volume of copper and of insulation. 
The e.m.f. induced in these windings will now be reduced in the 
ratio of \\v for the same magnetic flux in the core as before. 
Nevertheless, the power in the line system will be the same as 
before, provided that all impedances, both in- and out-side the 
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I changed wiDiiiog, are redaced in the ratio Ijir, which means 
I that admittances must be increased, in the ratio j^. Let, then, 
I each of t.he arms of the T be reiluced in impedance to p'/i^Z. 
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Till. 67. — UiaglaTiis illustrating Effects of Teitiiiiittl Tranaforniers in loaded lines. 

ohms, and the admittance in the staffbe increased to i/^>^/_ mhos. 
The impedance inside the coil will be automatically changed in 

^ the proper ratio by performing the substitution above described. 

^1 A level transformer in any circuit is known to be, in all 
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respects, equivalent to a conductive connectiou z^z^ plus a leak 
«3, as shown at DC. The magnitudes of the impedances z^ and 
«2 will be the same if the two level coils are symmetrical in 
all respects, and the magnitude of the leak z^ is determined by 
the excitation losses of the transformer with its secondary 
circuit open. Consequently, at DD', the two transformers have 
been virtually replaced by an impedance-T at each end of the 
line, the line itself being modified in the manner indicated.* 

Finally, replace the modified T of CC and DD' by its equiva- 
lent smoothed line, by (84) and (89). Then, it will be evident 
that the line-angle will be the same as at AA' before the 
conversion, and the new surge-impedance will be z^/v^ /_ ohms. 

The circuit AA' is therefore equivalent to a circuit without 
terminal transformers, but with the surge- impedance of the 
line reduced in the ratio 1/v^, and with a certain impedance- T 
injected at each end of the line. The power losses in these 
T's will offset, to a certain extent, the benefit of the change in 
z^ ; but, theoretically, if the terminal transformers had no losses 
and perfect efficiency, they would secure the required reduction 
in surge-impedance to the original unloaded value, without any 
detrimental effects. 

Precisely similar reasoning would apply if instead of employ- 
ing the equivalent T of the line, at BB', we employed the 
equivalent II, 

Composite Lines. — A conducting line formed of two or more 
successive sections, each section having its own length, and 
uniformly distributed constants, may be called a composite line, 
as distinguished from a simple uniform line, which may be 
called a single line, A composite line is, therefore, made up of 
a series of successive single lines. In practical telephony, most 
long lines are composite, since in every large city the wires 
must go underground, and interurban lines are ordinarily aerial 
lines. Consequently, a very simple circuit, connecting two 
subscribers in different cities, would be a three-section compo- 
site line, consisting of a central aerial section, and two terminal 
underground sections. In practice, a composite line may 

* .Sfeg Bibliography, 16, 1 7, and 21. 
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incluJe many sections. If the hyperbolic theory of telephony 
is to have general and osefal application, it must embrace 
cotapoaite liues nith a satislactory degree of simplicity. As 
the theorj' is eirtensive, has already been worked out to a 
siderable esteiit,' and is likely to be worked ont much further 
io future, only an abstract can be given here. 

An obvious method of dealing aritbniGtically with a composite 
line, in order to arrive at a quantitative knowledge of its 
properties, is to find either the equivalent T or the eqnivalenfe 
n, for each successive section separately, connect these equiva- 
lent sectional conductors together, in the proper series order, 
and compute an equivalent T or II of the combination, by 
repeated use of the star-delta theorem (Appendix E). Such a 
final equivalent T or 17 may be called a tneiyer T or II 
because it is arrived at by merging successive T's or //'a. It is 
alwaj's possible, theoretically, to arrive at the merger T or JI of 
a composite line in this manner ; although, in the case of a 
line of many sections, the process is long, tedious, and liable to 
arithmetical mistakes. In general, the final T or 77 of a com- 
posite line is dissymmetrical; whereas the equivalent T or U 
of a single line is symvietrical. That is to say, the equivalent 
7" of a composite line has its two arms unequal, and the equiva- 
lent 77 of a composite line has its two pillars unequal. Any 
composite line, no matter how numerous may be its component 
sections, and no matter how many casual loads may be applied 
to it, at its junctions, either as impedances inserted in the line, 
or as leaks to ground, must be capable of representation by 
one and only one T, or by one and only one 77 ; + so that 

• Hre BiUioKT'ip'iy) ^2 and 61. 

t It we consider ttmmpnsite teleplioue line OS liavinBadiBBynimetrii-aliL. 
tlieu referring to Fig. C3, it is evident that, in general. Buch a line sliould 
present aoiiie Ccleplioniu dissyninietry ; because the pillars of the n, ading. 
assliunUto iIju terminal apparatus, are unequal ntthe two endaof the tine. 
CoTiaequently, a markedly diesyn) metrical luie, liaving, say, a long cabled 
section at one end and a lonj^ aerial section at the other niielit he expected 
to sliow Bome liimiyranietry in telephonic operatior. AltTionnh such di«- 
iyniiiietry ha« long been known in tele^,Taphy, over dissymmetrical compo- 
Hito linen worked at high speeds with Wheatstone apparatus, yet ihe 
condition of dissymmetrical telephony does not seem to have been reported 
in any publicatiou. 
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volt applied at each end, in turn, will send the same strength 
of current to ground at the other end. This proposition 
assumes that the composite line is connected directly to ground 
at the receiving end ; also that all leaks are of constant resist- 
ance and are devoid of any variable e.m.f. such as might be 
caused by polarization. 

It is easy to demonstrate that, by the use of hyperbolic 
position-angles, assigned by definite law to the successive 
junctions of a composite line, the resultant distribution of 
potential, current, impedance and power over the line, as well 
as the final equivalent T or 17 of the composite line, may be 
detennined by relatively simple single formulas, that involve 
much less time and labour to work out than do the successive 
steps of the merging process. The T or 11 computed by hyper- 
bolic trigonometry may be called the hjipcrbolk T or 77, iu 
contradistinction to the merger T tyi- U. Nevertheless, the 
hyperbolic method requires frequent references to tables of 
functions of complex hyperbolic angles, and is only a swift 
method by reason of the existence of such tables. When such 
tables are not available, the labour of the hyperbolic method 
becomes increased by the labour of computing the needed 
sines, cosines sind tangents, or their inverse functions ; so that, 
in the existing absence of proper tables, the merger method is 
usually less onerous than the hyperbolic method. Suitable 
tables of complex hyperbolic functions are not yet available, 
but are in process of formation ; so that the hyperbolic theory 
may advantageously be studied, even though, for the present, 
its application may have to be deferred, 

FIRST CASE. 

Sedions of tlte Same Attenuation-Comtant and of the Same 
Svrge-Impedance.—lt a line AB (Fig. 68) of L, km. is connected 
to a line CD of L^ km,, and each has the same attenuation- 
constant a, and the same surge -resistance s ohms * (conditions 
which imply the same linear constants), the line-angles will be 

* We abbreviate 2_ to z, and y„ to ly, for convenience, when discussing 
that branch uf the tlieorf which relates to wmposite lines. 
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$1 = L^a and 6^ = L^a hyps, respectively. Then, if we free the 
composite line at D, tho resistance at A is — 

Rf=2coth('?i + e^) . . ohms (230) 
while, if the composite Hoe be grounded at D, the resistance 
at A is — 

R„ = 2 tanh (9, + e^) . . ohms (231) 
Reciprocally, freeing and grounding the composite hne at A, 
we get resistances R^ and R^, at D, respectively, of the same 
values as in (230) and (231). 



Fio. eS.^CoTTjioaitB LiuB with amtjona of the same Attemiation-Couatant 
aad Sai'ge-ReaUtuice 

It is evident, then, that the composite line differs in no way, 
except in length, from either of the component sections. The 
angle subtended by the whole line AD is the sum of the 
component section line-angles. 

SECOND CASE. 
Sections of Different Attcnuatwn-ConstarU but qf the Satiie 
Siirge-ImpedaTiee. — If a section CD (Fig. 68) of 1^ km. be 
connected to a section AE of Lj km., and their respective linear 
constants t^. g^ *"^ ''i- 9\ ^^^ such that their attenuation -con- 
stants a,, a^ differ ; while their surge-resistances z are the same, 
we assign the angles subtended by the sections ^^ = LjO^ and 
flj = L^Oj liypa. The angle subtended by the whole line will 
then be Oj + S^. as in the preceding case. That is, except for a 
disproportion ality between the section angles and their line- 
lengths, two sections of different nt ten nation- constant, but of the 
same surge-resistance, connect together like two sections of one 
and the same type of line. This is for the reason that in the 
unsteady stnte, or period of current building prior to the forma- 
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tion of the steady state here discussed, there is neither wave 
reflection nor discontinuity of wave propagation at the junction 
BC, wl^en the surge resistance or impedance z is the same on 
each side thereof. 

In order, however, to simplify the transition to more complex 
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Fig. 69. — Composition of two sections with the same Sarge-Kesistance, but with 

different Attenuation-Constants. 



cases later on, we may pause to consider the following case 
of two sections, with different a but the same z. 

Lj = 100 km., r^ = 20 ohms/km., ^^ = 2 x lO"** mho/km. 
L2 = 100 km., rg = 10 ohms/km., ^2 = 1^~* mho/km. 
Whence — a^ = 0*02 hyp/km., z^ = 1000 ohms ; 

ttg = 0*01 hyp/km., 5*2 = 1000 ohms. 
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Fig. 69 shows the two lines at AB and CD respectively. It 
shows the 11 and T equivalent circuits of AB, at A"B"G"G" and 
A'OB'G', likewise of CD, at C"D"G"G" and C'OD'G'. If •> 
connect the sections together at BC, into a composite line AD, 
we virtually connect together some one pair of the combina- 
tions of equivalent circuits /7^j/7cd, TabTcd, HasTcd. TabUcd- 
The first two combinationa are shown at ABCDGGG and 
A'OBCOD'G'G'. If we merge together the two elements of 
any such pair by the formulas of Appendix E, we arrive either 
at the equivalent 11, ADGG ; or the equivalent T, AODG, of 
the composite line. 

In all of the examples to be considered, the equivalent 77 and 
T of the various composite lines have been derived hyperboh- 
cally; but have also been checked by the merging process, 

Equivalent II. — In order to compute hyperbolical ly the 
equivalent U of the composite line AD (Fig. 69), we proceed 
as follows — 

Ground either end of the composite line AD, say the end D. 
Assign the junction-angie 6^ at BC. Then the angle subtended 
by the composite line at A will he 5^ = S, + Q^ hyps. The 
sending-end resistance of the composite line at A is, by (23) — 

KjA = ^1 tanh Sa ■ ■ ■ ■ ohms (232) 

= 1000 tanh 3 = 995-055 ohms. 
G^^ = 1/R„^ = y^ coth dA - mhoa (233) 

= 0-001 X coth 3 = 10'049,7 x 10"' mho. 
Then the arciiiti-ave resistance AD of the composite 11 will be — 
p" = % sinh 5a . . . . ohma (234) 

= lOOOsiiih 3 = 10017'87 ohms. 

y" = l/p" = 0-9982125 X lO"' mho. 

The conductaiice g''^ of the leak at A is by (23) — 

g"ji = y^ coth 6^, — y" ■ • ■ mho (2J 
= 9'05149 X 10-* mho. 

If we ground the composite line at A instead of at D, the angle 
subtended by the whole line at D will be 60 = 6^ + 6^ = d^. 
The architrave reaistance DA will be the same as that given in 
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(234). The aemling-end resistance R^u and cuiiductance G^r* 
will be identical with Rj,a and G^a respectively, by (232) and 
(233) ; so that the leak -conductance g"xi at D will be identical 
mth y'\ by (235). This conipletea the hyperbolic U, ADGG 
of the composite line. 

Eqidvahnt 7*.— To find the hyperbolic equivalent T of the 
composite line AD, Fig. 69, free the line at one end, say D. 
Then the angle subtended by the line at A will be, as before, 

I^A = ^1 + Bi hyps. 
I The sending-end resistance of the line at A will be, by (20) — 
K R/A = i coth ^A . ■ - ■ obms (236) 

^ = 1000 coth 3 = 1004,-97 ohms. 

The conductance of tljc leak OG is, by (71) — 
a' = y sinh Sk .... mhos (237) 

= 0-001 sinh 3 = 1001787 x 10-' mhos. 
And its resistance is — 

R' = 1// = 99-82125 ohms. 
The resistance of the AO branch is, then — 

p' = R/A — R' ohms (238) 

= 1004 97 — 99-821 = 905-149 ohms. 

Similarly, if we free the composite line at A, instead of at D, 
tlie angle subtended by the line at D will be 3d. As before, 
^0 = flj + 9j = d\ hyps. The sending-end resistance offered by 
the line at D will then be identical with that found previously 
at A. The conductance of the leak will, by (71) and (237), be 
the same as that found from A. Finally, the resistance of the 
DO liue-branch will, by (70) and (238), be identical with that 
of the AO branch (905-149"). This completes the T of the 
composite line. 

We may infer from the above reasoning, and it may be 
readily demonstrated formally, that when a composite line is 
composed of sections differing in linear constants, but having 
the same surge- impedance, the angle subtended by the whole 
line is the same at either end, and whether tiie distant end be 
freed or grounded. Consequently the equivalent 77 and T of 
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the coiDpoaite line will be symmetrical. That is, the two leaks 
of the n are equal, and the two line branches of the T are 
eijiial. 

Conversely, it follows, from equations (84) and (95), that any 
composite line made up of sections differing in attenuation- 
constant, but with the same surge- impedance, may be replaced 
by an equivalent single line of uniform attenuation- and linear- 
constants. 



THIRD AND GENERAL CASE. 

Sections tcith Different Surgc-Iinpedanccs. — Let a section AB 
of 100 km. (Fig. 70) be connected to a section CD of 300 km., 
and let their respective linear-constants be as follow — 
T^ = 20 ohms/km. ; ^, = 20 X 10"' mho/km. 
j'j^ 10 ohms/km.; (/.^ = 2-5 x 10 "" mho/km. 
from which — 

Oi = 002 hyp/km. ; fl^ = 2 hyps; s^ = 1000 ohms ; 
a, = 0005 hyp/km. ; flg = 1-5 hyps ; z^_ = 2000 ohms, 
so that the surge-resistances of the two sections are unequal. 
It follows that the angle subtended by the composite line will 
differ at the two ends, and will also differ according to whether 
the distant end is freed or grounded. 

Equivalent II. — Let us ground the end A, of the composite 
line A^D^ (Fig. 70). Then by formula (23), the sending-end 
resistance at B of the section BA grounded, will be — 

K„fl = ^1 tanh 0^ .... ohms (230) 

= 1000 tanh 2-0 = 964-0265 ohms. 

The angle of the section AB, at its end B, is 5b = 2 hyps. 

At the junction BC, however, the line-angle changes abruptly, 

owing to the change in surge -rest stance, and at C, just across 

the junction, it is— 

dc = tanh-if;;^ tanh e^\ = tauh-'(— "^^ . hyps. (240) 

That is, the hyp-tangenfi of the new angle is the ratio of the 
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sending-end resistance at B to the surge-resistance of the new 
section CD. In this case — 

<Jc = tanh - 1 ( ^^^^ ) = tanh - 1 09640265 ; 

or, by tables of hyperbolic tangents, de = 0*525608 hyp. We 
mark this angle opposite to C on the line AjDg (Fig. 70). 
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Fig. 70. — Composition of two sections of different Surge- Resistances and different 

Attenuation-Constants. 

The angle subtended at Dg by the composite line is, therefore — 

djy= 0^ + 60 = 2025608 hyps. 

The sending-end resistance of the grounded composite line 
is then, at Dg, by (23), (232), and (239)— 

R^D = 2^2 tanh ^D ohms r241) 

= 2000 tanh 2025608 = 1931-58 ohms, 
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and the sending-end conductance— 

G^n = y^mthdi,= l/Rsv ■ ■ mhos (242) 

= 000051771 mho. 

The fonnula-for finding the architmve resistance of the equiTi- 

lent 77 of the line AD is— 

" - 1 . cosh Jb , „,„, 

p = Sg sinh On ■ - - L , ohms (243) 

= 2000 sinh 2'025608 ) 



I 



cosh 0-525608 
= 2455355 ohms 
and— y" = l/p" = 0407273 X 10* mho. 

Formula (243) differs from the corresponding formula (231) 
of the preceding case by the application of the ratio — r— ^ or 

the ratio of the cosines of the line-angles across the junction BC, ' 

The formula for finding the conductance of the leak at D is, 
as before (235)— 

<j"d = G(,D - y" = 1/RffU ~ n" ■ - mhos (244) 
= 4-769786 X 10"' mho. 
In order to complete the equivalent 77 of the line AD hyper- 
bolically, we must repeat the above process from the opposite 
end D^, as shown at A,Dj (Fig, 70), The line-angle at C is 
^=l'5hyps. Across the junction BC this angle changes 
suddenly to — 

3. = tanb-(^-^";^''^). . . hyps, (245) 

= tanh-' 1-810296. 

This involves at first sight an impossible result ; but in all 

cases of a hyperbolic tangent greater than unity, we may resort 

to the following formulas^ ^^^ 



sinh (^■- ± j^'j = ±j cosh i 
cosh (a: ± J^\ = ±J sinh a 
tanh f .« ± y-n ) =^ cot'^ ■" 
coth Ce ± J^\ = tanh -t 



numeric (246) 
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"We thua obtain — 

<JB-yf = coth-(^^i^^) . hyps (247) 

= coth-' 1-810296 
= 0-621818 hyp 

and— Sb = 0621818 +y| hyp. 

This difficulty with seemingly impossible antitangents or anti- 
cotangents is not encoimtered in the a.-c. case. 

We inscribe this value of 63 opposite B on the line AD. 
The angle subtended by the whole line at A will then be — 

0^ + (Jb = (Ja = 2-621818 +yj hyps. 

The sending-end resistance of the grounded composite line 
is then at A^, by (232) and (241)— 

J^gA = ^i tanh Sa ohms (248) 

= 1000 tanh (2*621818 +jj\ 
= 1000 coth 2-621618 = 101064 ohms, 
and the sending-end conductance, as in (242) — 
Gfga = Vi coth ^A 

= yi coth (2-621818 +>|) 
= 0-001 tanh 2621818 = 9894966 X 10"' mho. 
The architrave resistance, as in (243), is — 

p" = ;?iSinh(JA.^^^^ ohms (249) 

= 1000 cosh 2-621818 . -.-^^-oJ^i q 

smh 0*621818 

= 24553*55 ohms 

and-- ^" = 1/p' = 0*407273 X lO-^^ mho. 

The conductance of 77 leak at A is, as in (244) — 

9" A = G,A - y" 

= 9-487693 X lO"" mho. 



170 APPLICATION OF HYPERBOLIC FDNCTIOKS 1 
Hquivalent T. — To compute the equivalent T of the com- I 
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posite line AD (Fig. 70), free the line at oae end, say D^ and 
find the sending-end resistance at C in this condition. It 
by (20), (230), and (236)~ 
JltQ = jg coth 0j 

= 2000 coth 1-5 = 2209 50 ohms. 
The line-angle changes abruptly at the janction BC 
dc = 1-5 to ^B = 0487935 hyp, by the condition- 

^, = coth-'('^^*^) = coth->(5^~) . l,yps.(250) 
= coth-' 2-20959 = 0-487935 hyp. 
The line-angle at the end A^ is thus S, + 5b = 2-487935 hyps- 
The aending-end resistance at A^ is finally, by (20) — 

R/A = ^1 cnth 3a ohms (251) 

= 1000 coth 2'487935 = 1013'897 ohms. JH 

The conductance of the leak OG' is, by (237) — ^^ 

y=y,sinh<5A.H^j;-^^^ mhos (252) 

= 0-001 X Binh 2-4.87935 x - 



cosh 0-487935 

-12-5373 X 10-= mho. 
The resistance of the leak OG' is, therefore, ill' = Ifi/' = 
79-762 ohms. 

The resistance of the AO branch ia then, by (238) — 

p' = R^.^ - R' ohms (253) 

= 1013-897 - 79'762 = 934-135 ohms. 
In ordur to complete the equivalent T of the line AD, we must 
repeat the above process from the opposite end, by freeing the 
end A, as shown at A^D^ (Fig. 70). The line-angle at B is 
^B = 20. Across the junction BC this angle changes suddenly 
to— 

(5c = coth - 1 (^-J— ^ — -ij hyp?. (254) 

= coth-' 0-5186575. ^^1 



J /1037-31.5\ 
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In order to avoid an impossible operation, apply formula 

(246)— 

dc -y^ = tanh-i 0-5186575 = 057450 hyp 
3c = 0-5745 +y| hyps. 
The line-angle at the end D^ is thus d^ + ^c = 20745 

+ y f hyps. 

The sending-end resistance at D^ is finally, by (20) and (251 ) — 

R/D = ^2 coth dj) ohms (255) 

= 2000 coth (2-0745 +jj\ 

= 2000 tanh 20745 = 1937-873 ohms. 

The conductance of the leak OG' is, therefore, by (237) and 
(252)— 

/ = ^2 sinh djy . ^^ mhos (256) 

= 0-001 sinh (2-0745 +yf). '""'^^'^ 



cosh (0-5745 +j^\ 



= 0-001 cosh 2-0745. .T!^?>?,^ = 12-5373 x 10-^ mho. 

smh 0-5745 

The resistance of the leak OG' is, therefore, R' = 1// = 79-762 
ohms. The resistance of the DO branch is then, by (70) and 
(253)— 

p' = R^D - R' ohms (257) 

= 1937-873 - 79-762 = 1858-111 ohms. 

This completes the T of the composite line. 

It may be inferred from the preceding reasoning that for the 
case of a composite line of two sections with different surge- 
impedances, the receiving-end impedance of the line in the 
absence of receiving instruments, which is the architrave of the 
line-//, has the same value from each end of the line. The leak 
of the composite line-T has also one and the same value, com- 
puted from either end. Both the II and the T are, however? 
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dissymmetrical. Each requires two separate compatations and 
line-angle distributions, one from each end. 

Sv-mmary of Two-Section Formulas. — If we expand formalas 
(234) and (-43), we obtain for the architrave of the composite 
line 77— 

p" = a, einh 0, cosh 6^ + z^ cosh fl, sinh 0, . . ohms (258) 

= -L±3 aini 



. sinh dn 



. , , cosh d. 
:, sinh do — ,— ,- 
= cosh do 



= s^ sinh 9j 
= 3j sinh di 



sinh d,. 
sinh 3> 

cosh ^B 



^^i-^*sinh (01- 0.) ohms* (259) 
ohms (line grounded at A) (260) 
ohms (line grounded at A) (261) 
ohms (line grounded at D) {262) 
ohms (line grounded at D) (263) 



Similarly, if we expand formulas (237) and (252), we obtain — 

g' = ^1 sinh fl^ cosh 6^ + y^ cosh 0, sinh 0^. , mhos (264) 

= i^J^ainh(0j + flj) + ^-^« 8inh(0,-0,) mhos (265) 



= y, smh 0, ^-j— V- 
"" ^ smh dc 

- , , cosh 5a 

=■ Wo Sinh Od - l , 
•'^ cosh 5c 



= v/j ainh 6^ 



sinh 5b 
cosh 5u 
cosh 5b 



mhos (line freed at A) (266) 
mhoa(line freed at A) (267) 
mhos (line freed at D) (268) 
mhos (line freed at D) (269) 



Single Litixs Equivalent io a Bissymimticol U or T. — It is 
evident that formulas (79), (80), (94), and (95) apply only to a 
aymmetrical 77 or T. Moreover, it may be seen that no single 
smooth and uniform line can correspond to a dissymmetrical 77 

• Foniiiilaa (258) and (259) ^ 
iiiitieilunces of a twfi-section con 
Bibliography, 52, 
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or T. This means that, in general, lo single smooth and 
uniform line can be the counterpart of a composite line having 
sections of different surge -resistance. But if wc reduce a dis- 
symmetrical n in a symmetrical 11 and & terminal leak, we 
may apply equations (95) and'(96) to transform the symmetrical 
n into an equivalent single line. It follows that any composite 
line may be resolved into one, and only one, uniform smooth line 
of the same length with a leak permanently applied to one end ; 
or to an infinitude of such single uniform smooth lines having a 
leak at each end. 

Similarly, the T of a composite line may be reduced to a 
symmetrical T plus a line -impedance at one end. By the use 
of equations (Si) and (88), we may substitute a single smooth 
uniform line for the symmetrical T. Conseqiiently, any com- 
posite line may be resolved into one, and only one, uniform 
smooth line of the same length with a line- impedance at one 
end; or, to an infinitude of such single uniform smooth lines 
having a line-impedance at each end. 

Composite Line of " n" SfctioTis.— To coxa^\iifith& equivalent /7 
of a composite line of )t successive sections, ground the line at 
the A end and develop the line-angles towards the opposite 
end, following the process of (240). Find the architrave im- 
pedance according to formula (260) or (261). This may be 
regarded as formula (26) modified by the application of (w— 1) 
ratios of cosines in (261), or of (w — 1) ratios of sines in (260). 
The opposite end leak admittance will then be the sending-end 
admittance minus the architrave admittance. The process 
must be repeated after grounding the line at the distant end 
and developing line-angles towards A. 

To compute the equivalent T, free the line at the A end and 
develop the line-angles towards the opposite end, following the 
process of (250). Find the T-leak admittance by following 
formula (266) or (267). This may be regarded as formula (71) 
modified by the application of n—\ ratios of cosines in (267), 
or of n— 1 ratios of sines in (266) ; that is, one such ratio for 

Kb junction. Tlie opposite-end line-branch impedance will M 

n be the sending-end impedance minus the leak impedance. I 
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The process must be repeated after freeing the line at the 
distant end and developing line-angles towards A. 

One complete etjuivalcnt circuit, say the 11, of a composite 
line of n sections calls then for the determination it — 1 line- 
angles first in one direction and then in the other. The 
formulas are well adapted to logarithmic computation. If, 
however, only the receiving-end impedance of tlie composite 
line is required, then we need only develop the line-angles 
one direction over the line, so as to apply one of the architrave 
formulas, and neglect the pillars of the II, as at AF^, Fig. 71. 

LOADED COMPOSITE LINES. 

DefinUions. — Loads in a line may be either regular or casual. 
Regular loads are such as are applied at regular intervals, in 
order to improve the current delivery on telephone lines. 
Casual loads are of an irregular or incidental character, such 
as might occur at section-junctions or at the ends of a com- 
posite line. In the former case they would be iniermediate 
casual loads, and in the latter case, termiiud casual loads. Only 
casual loads will be here discussed ; because it is easy, with the 
aid of formulas already discussed on page 45, to substitute an 
equivalent smooth unloaded line for any uniformly loaded line. 

Loads may also be divided into two classes : namely, (1) those 
applied in series with the line, or impedance loads, such as ( 
of impedance or resistance ; and (2) those applied in derivation 
to the line, or ledli loads. 



INFLUENCE OF LOCATION OF AN IMPEDANCE LOAD ON THE 

RECEIVING-END IMPEDANCE OF A COMPOSITE LINE. 
It can be shown that if a single smooth uniform line is 
terminally loaded with a given impedance, the change in the 
receiving-end impedance due to the load is the same, whichever 
end of the line the load may be applied to ; i. e. whether the 
load is applied at the sending or at the receiving end. la the 
ease of a composite line, however, this proposition generally 
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fails. The effect of a resistance coil of 100 ohms on the receiving- 
end resistance of the three-section composite line comprising 
the two sections AE and CD above discussed, in series with a 
third section EF of angle 6, •= O'o hyp. and sut^e-resistauce 
Zj = 2500 ohms (Fig. 72), is shown in Fig. 71. Without the load, 
the receiving-end resistance of the line, or the architrave of its 
requivalent 11, is 44,247 ohms. If the load is added at the A end 
■of the line, the receiving-end resistance becomes 48,6197 ohms; 
I'tut if added at the F end, it is only 46,192. When the samecoil 
I is inserted as an intermediate load, its influence on the receiving 
I find resistance is not so great. In altemating-ciirrent composite 



■5 44.m' 



lines, the opportunities for such variations are more marked. 
In all cases, however, the application of a terminal impedance 
to a line (single or composite), increases the receiving-end or 

architrave impedance of that line in the ratio —*-^ — ; where 

iS, is the sending-end impedance of the line at the loaded end 

before the load is applied. This is true whether the loaded 

end is made the sending or receiving end of the circuit. For 

' single lines, .fi„ has the same value at either end, and therefore 

the ratio of increase in receiving- end impedance is the same at 

[whichever end of a single line the load a is applied ; whereas, 

ir composite lines, we have seen that K^ is different, in general, 

it the two ends. 
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is a valid unit, neglecting terminal reflections, when single lines 
only are considered, it may become a misleading unit when 
composite lines are employed. 

A correct standard, in the present state of our knowledge, 
would be either of the following — 

(1) The total hyperbolic angle of the composite line in Iiyps., 
including the angle subtended by the receiving apparatus, 
corrected for discontinuities at junctions. 

(2) The total receiving-end impedance of the composite line 
including the receiving apparatus, corrected for discontinuities 
at junctions. In the latter case, the architrave impedance of 
the proper equivalent 11 including receiving appai-atus might 
be substituted. 

In either case, a correction might, strictly speaking, be 
needed for differences in the impressed e.m.f. at the generating 
end, seeing that this impressed e.ni.f. supplied by the generating 
app'iratus depends to some extent on the sending-^nd imped- 
ance. Further published research is needed in this direction. 



CHAPTER IX 

THE APPLICATION OF HYPERBOLIC FUNCTIONS 

TO WIRE TELEGRAPHY 

Since uniform telegraph lines possess evenly distributed 
conductor-resistance and dielectric leakance, it follows that 
when subjected to steady and continuous e.m.f., either at one 
end or both, in any assigned manner, the steady-state distribu- 
tions over them of potential, current, and power, are subject to 
hyperbolic trigonometry. Thus, in all tests of a telegraph line 
with continuous e.m.f, hyperbolic formulas apply, on the 
assumption that the line is uniform, contains no faults, a,nd 
that the linear dielectric leakance follows some known law of 
, time. In undergroimd and submarine cables, for injstance, the 
apparent linear leakance is well known to diminish rapidly 
with the duration of impressed e.m.f by the so-called " polariza- 
tion *' process. Even if the line is faulty, the fault or faults 
may be regarded as leak-loads of magnitudes subject to varia- 
tion, applied at junctions between sections of otherwise uniform 
line. The above class of cases may be described as class (1) of 
steady-state tests. 

When we consider electric signalling over a telegraph line, 
the process falls into one of three other classes, according to 
the particular conditions. 

(2) If the line is short, and the speed of signalling employed 
much below the theoretically attainable limit ; so that the 
steady state of the circuit is closely approximated to at each 
signal; then hyperbolic trigonometry is applicable to the 
circuit. 

(3) If, on tE^M^ntrary, the line is long, or the speed and type 
of signalling such tfaS^|||he steady state of the line is hardly 
ever attained ; then theflj'' vperbolic formulas developed in 

^.179 N2 
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is a valid unit, neglecting terminal reflections, when single lines 
only are considered, it may become a misleading unit when 
composite lines are employed. 

A correct standard, in the present state of our knowledge, 
would be either of the following — 

(1) The total hyperbolic angle of the composite line in hyps., 
including the angle subtended by the receiving apparatus, 
corrected for discontinuities at junctions. 

(2) The total receiving-end impedance of the composite lin^ 
including the receiving apparatus, corrected for discontinuities 
at junctions. In the latter case, the architrave impedance of 
the proper equivalent 77 including receiving apparatus might 
be substituted. 

In either case, a coiTection might, strictly speaking, be 
needed for differences in the impressed e.m.f. at the generating 
end, seeing that this impressed e.m.f. supplied by the generating 
apparatus depends to some extent on the sending-end imped- 
ance. Further published research is needed in this direction. 
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TO WIRE TELEGRAPHY 

Since uniform telegraph lines possess evenly distributed 
conductor-resistance and dielectric leakance, it follows that 
when subjected to steady and continuous e.m.f., either at one 
end or both, in any assigned manner, the steady-state distribu- 
tions over them of potential, current, and power, are subject to 
hyperbolic trigonometry. Thus, in all tests of a telegraph line 
with continuous e.m.f., hyperbolic formulas apply, on the 
assumption that the line is uniform, contains no faults, and 
that the linear dielectric leakance follows some known law of 
. time. In undergroimd and submarine cables, for injstance, the 
apparent linear leakance is well known to diminish rapidly 
with the duration of impressed e.m.f by the so-called " polariza- 
tion " process. Even if the line is faulty, the fault or faults 
may be regarded as leak-loads of magnitudes subject to varia- 
tion, applied at junctions between sections of otherwise uniform 
line. The above class of cases may be described as class (1) of 
steady-state tests. 

When we consider electric signalling over a telegraph line, 
the process falls into one of three other classes, according to 
the particular conditions. 

(2) If the line is short, and the speed of signalling employed 
much below the theoretically attainable limit ; so that the 
steady state of the circuit is closely approximated to at each 
signal; then hyperbolic trigonometry is applicable to the 
circuit. 

(3) If, on the contrary, the line is long, or the speed and type 
of signalling such that the steady state of the line is hardly 
ever attained ; then the hyperbolic formulas developed in 
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preceding chapters with special reference to the steady state are 
inappHcabte. Dr. Fleming, has, however, recently published * 
an application of hyperbolic functions to the process of comput- 
ing "curves of arrival" over long auhmarine cables, as an 
abbreviation of the method, originaDy developed by Lord 
Kelvin, for calculating the behaviour of such lines in the 
unsteady state. 

(4) An intermediate condition presents itself when the line 
is worked nearly to the limit of its practicable signalling speed, 
and when the method of signalling is such that a steady state 
is constantly approached, although never closely attained. 
That is, the signalling may be roughly imitated by a regular 
succession of alternating-current impulses, impressed on the 
line at the sending end, with discontinuities occurring at some- 
what irregular intervals ; so that the steady state is never 
actually reached, but is repeatedly tended to. In this case, the 
hyperbolic theory does not apply definitely, but it may apply 
tentatively ; that is, experiment may show that a certain 
approximate relation exists between the actual limiting signal- 
ling speed, and the theoretical ste^dj'-state limiting speed of 
pure alternating-current impulses. 

We shall only consider examples from Classes (1), (2), and (4). 

Class 1 : Steady-state Tests. — If a uniform line AB, without 
faults is freed at the distant end B, we know, by (20), that its 
apparent resistance at A is R/ = r^ coth ohms, and when it 
is grounded at B, its apparent resistance at A becomes, by 
(23), R, = r^ tanh fl ohms. Consequently, the surge -resistance 
of the line is, by (27), r„ = ^R^^, and the angle of the line 

is, by (29), fl = tanh -'*/_'' hyps. Again, if an ammeter or 

other device, of resistance Rr, is inserted in the circuit to 
ground at B, the angle subtended by the instrument will be, 
assuming t^ > R^ — 

fl' = tanh-'^ . , . , hyps. (271) 

* Thi Propagation of Meetric Ourrenti in Tdeplioiie and Telegraph 
Oonditctora, by J. A. Fleming, F.B.S., chejp, v 
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aDcl the angle of the line and ioEtruDient together becomes 
(9 + ff) hyp.?. The apparent resistance of A under these 
conditions becomes — 

RV = r^ tanh (9 + 6') ■ • ohma (272) 
I The receiving-end resistance, as judged from the current in the 
I ammeter at B, and the e.m.f. impressed at A, is — 

"-^ifs^' ■ ■ ■ °'-" *"^'» 

the line being assumed devoid of all earth-currents or jKilar'za- 
tion. If fl' is not over 01, cosh 6' may be taken as unity, 
without much error, and we have approximately — 

Ri :^ r^ sinh (9 + 6') . . . ohms (274) 

Consequently, if instead of having the line freed and 

rounded at B, making two successive observations at A, we 

}iave the line merely grounded at B through an ammeter, and 

insert an ammeter aud voltmeter at A, thus making a single 

best, with simultaneous observations at both ends, we obtiiin 

mm (56) and (58)— 

(e-|-e')=cosh-'(^) . . . hyps. (275) 

Iffrom which, i-^, 6', and 6 can obviously be successively deduced. 
As a simple arithmetical case, let us take a uniform single 
line 300 km. long, with the linear constants r ^^Q ohms 
per km., and g — 1-5 x 10"" mho per km. The attenuation- 
constant of the line is ^9 x 10"^ = 0003 hyp. per km., and 
its surge-resistance V^WJOUOO/Fi => 2000 ohms. Its line 
angle is 09 hyp. 

With the line first freed, and then grounded at B, and both 
Ltests taken successively at A, we should have R/ = 2000 coth 
!0-9 = 2792'2 ohms and R, = 2000 tanh 0-9=14.32'6 ohms. 
■The surge-resistance of the line is therefore computed to be 
- ^2792-2 X 1432'6 = 2000 ohms, while the angle of the 
l.line is computed to be — 

//"l4,3T-g\ 

^ tanh-i-^(^27(ii:2J " *^"^ "Vo-51307 

= tanh -'0-7 1630 = 09 hyp. 
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FrotD these results we obtain at once, R = r^B = 1800 ohms 
iu conductor- resistance, or 6 ohms per km., and g = Bjr^ 
— 045 X 10"' = 450 X 10"* mho in dielectric leakance, or lo 
micromho per km. 

Id the second case, with the line grounded at E through a 
milliammeter of 200 ohms, the angle subtended by the instrn- 
meat is tanh-'(Oi) = 0-10033. The total angle of line and 
instrument subtended at A is 100033 hyps. If 50 volts were 
applied at the A-end of the Hue, a current of 32'82 milli- 
aunperes might be e.xpected at A, and 21-37 milliamperes at B. 
The sending-eml resistance would then be R'„ = 50/0-03282 
=1523-5 ohms, and the receiving-end resistance R( = 50/0-02137 
= 2339*7 ohms. From these observations, exchanged tele- 
graphically, the total angle of the line would be, approximately, 

by (275): (9 + 0') = cosh"' (=p|:^j = co8h-' 1-53578 = 0-99374 

hyp., as against the correct value of 100033. The inferred 
value of the surge -resistance is then 1523-5/tanh 0-99374 
= 2007-3 ohms, as against 2000. The inferred value of B' 
13 also tanh -^( 200/200 7 -3) = 009997 hyp. as against 0-100 hyp. 
leaving the line-angle 6 = 0-89377 hyp. aa against the correct 
value of 0-9. 

With alternatiug- current testing, the first case of measure- 
ments at A with the B end freed and grounded successively, is 
perfectly applicable, by extending the formulas into t-wo 
dimensions. The second case is not strictly applicable, because 
the phase of the received current with respect to the impressed 
e.m.f. at A is not measured. 

Glass 3: Steady-state S'gnalling. Best Resistance, of a Receiv- 
ing IvMritmeiU. — Electromagnetic receiving instruments in wire 
telegraphy may be divided into two classes, namely : («) those, 
as of the D'Arsonval movable-coil type, in which the magneto- 
mechanical force, or torque, is directly proportional to the 
ampere-turns in the coil ; and (6) those, like simple polarized or 
non-polarized relays, in which the magneto- mechanical force, 
or torque, may be nearly proportional to the square of the 
urns at low magnetic saturation, but, as the saturation 
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increases, may fall to perhaps a lower power than the first. In 
either case, the magneto-mechanical force may be expressed 

F = a (Ij^n^y .... dynesordyne-perp. cm. (276) 

where F is the force in dynes, or the torque in dynes acting 
perpendicularly to a radius of 1 cm., I^ is the received current 
strength in amperes, n^^ is the number of turns of wire in the 
winding, a a constant of the instrument depending on its con- 
struction, and p some real exponent not greater than 2. The 
received current !» is found by (57). The number of turns rij 
in a given winding-space is well known to be sensibly propor- 
tional to /^/Rr, the square root of the resistance in ohms of the 
winding, provided that the size of insulated copper wire selected 
lies within the fairly wide range where the ratio of covered 
diameter to the bare diameter of wire is sensibly constant. 
Consequently we have, approximately, with a' a modified 
instrument constant — 

. ^ = «' C-riSh oVr^ cosW eJ ^y°«^ "' ^y^^perp. cm. (277) 

In order to make this mechanical force a maximum by vary- 
ing Ry, we diflFerentiate F with respect to R^, in the usual way, 
and equate to zero. We then find — 

R^ = 7'^ tanh . . . . ohms (278) 

That is, the best resistance, with respect to mechanical force, 
for the electromagnetic winding of a receiver, that does its 
work during the steady state, is equal to the sending-end 
resistance of the line to ground at B, no matter what may be 
the exponent p, which expresses the relation between the 
torque and the ampere- turns.* 

When the speed of signalling rises, so that the steady state 
fails to be approached, the resistance determined by (278) is, in 
general, too low for the best action. 

Glass 4- ' limiting Signalling Speeds on Long Lines. — When 
the signalling speed is carried up to, or near to, the practicable 

♦ See Ayrton and Whitehead paper, No. 12 in the Bibliography. 
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of tlie hypothetical alternator with the frequency of alphabetical 
^gnalling. In Fig. 74, the two particular words SubmariM 
Telegraph are analysed in terms of their international cahle- 
alphabet signals. Each black rectangle, above or below the 
zero line, represents the impression of continuous e.ni.f. on the 
sending end of the line, assuming the simple case of a sending- 
key directly connected to the cable. Ordinates then represent 
impressed voltage, and abscissas elapsed time. Dot- and dash' 
elements occupy equal intervals, so that each signal occupies one 
dot-element. The canonical interval between signals in a letter 
is one dot-element, and that between successive letters three 
dot-elements. Between successive words there may be six dot- 
elements. The word submarine thus covers 59 dot-elementa 
and telegraph 61. The two together 59 + 61 + 6 = 126. The 
signals as received over a cable of 1"47 seconds time- constant 
are shown beneath, at CC. 

Dot-Frequency and Eeversal-Frequency. — There are two hypo- 
thetical uniform signalling frequencies. One is indicated at 
A A or A' A' (Fig. 74), the other at B B. The A A type may 
be called pure dot -signal ling. In this type of signalling, 
impulses have all the same sign, and the complete period is 
two dot-elements. The A A type would be equivalent to a 
certain complex alternating-current e.m.f., superposed < 
positive continuous c.ra.f. of half the A amplitude. The A' A' 
type would he equivalent to the same alternating current e.m.f., 
superposed on a negative continuous e.m.f. of half the A' ampli- 
tude. The B B type may be called pure reversal -signal ling, 
It corresponds to a complex alternating e.m.f. of period equ 
four dot-elements. Reversal -sign ailing has, therefore, just half 
the frequency of dot- sign ailing, and requires no associated' 
continuous e.m.f. 

There has been some debate as to which of these hypothetical 
types of rhythmic signalling more nearly corresponds to practical 
alphabet-signalling. On behalf of dot-signal ling, it may be 
urged that it employs the actual frequency of the sending keye^ 
disregarding the direction of current. On behalf of reversal- 
""lalling. it may be urged that on long submarine cables th( 
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dots do not appear. They are araootheJ out by I'eUirdiilmn, 
and can only be inserted in their proper places by tlie trained 
intelligence of the receiving opei-ator; whereas the reversals 
actually show on the record, and form the sign-poets, so to 
speak, by which the o]>erator is guided to interpretation. 
J u b m a r i n 
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74.— Signala of InipreBsed E.M.F. at Sanding and Recuiving Ends in tlia 
■o partiuLilar wonla A'uimorine Ttligraph, an compared witL eiUinr "dot- 
jn^" or "reveisttla. " 

Aa for the actual comparison of the sending record with either 
&ot-aignal9 or reversals, there is no marked preponderance of 
revidence. Thus, in the two particular words of Fig. 74, which 
Lhave been taken at mndom, compared with dot-signals, there 
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8 cases of 2 successive dots or dashes 

3 „ 3 

1 .. * 


in s, u, h 
s. h, k 
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Compared with reversals, there are — 
11 C0ses of a cycle or complete reversal, 

3 „ cycle and a half 

„ 2 cycles. 
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We shall si>e that so far as coDccms the cable alone, it is a 
matter of indiflFurence whether we refer alphabetical signalling 
to reversal- frequency, or to dot-frequency ; but, in regard to 
the influence of the terminal apparatus, there is a considerable 
difference. We shall, therefore, discuss both standards, but lay 
emphasis on the reversal standard, since cable engineers are 
believed to prefer the latter.* 

In the two words of Fig. 74 there happens to be 18 letters, 
and 12G dut-eloments, in all, or, allowing a space before the 
next word, 132 dot-elements. This is at the rate of 7'35 dot- 
elemeuts per average letter. In sentences taken from an English 
newspaper, an average letter occupies about 7-3 dot-elenienla 
including the average necessary spacing. In unintelligible 
10-letter code words, with a diminislied number of vowels, 
the average rises to about S'O dot-elements. We may take 
as a working mean 7'7 dot-elements per letter. This cor- 
responds to 3-85 cycles in pure dot -sign ailing, or 1-925 cycles 
in pure reversals. If, therefore, we have as a speed of signalling 
n letters per second, the corresponding hypothetical frequencies 
will be — 

for dot-signalling, /'=3-85n cycles per sec. (295) 

for reversal-signalling, j" = 192dn „ „ „ (296) 

We have already seen in (2S1) that a well-known empirical 
formula for cable-speeds under stereotyped terminal conditions 
is that n = lO/r. Consequently, the limiting frequency /j, is — 

for dot-signalling, f^' = ' '- . cycles per sec. (2i)7) 

for reversal-signalling, y^" = - -' „ „ (208) 

Substituting the value of frequency in terms of a limiting cable 
angle in (292), we find — 
for dot-signalling, 

fl/ = J2n X 38-5 j'i,^ = 15-55 /45° = 1 1 +^11 . l>yps./(299) 
for reversal signalling, 

0/' = V2jtx 19-25 /45''=U'0/45° ==7-777 -I- .y7-777lLyps.;_ (300) 
• See BiblioBCophy, 40. 



TO ELECTRICAL ENGINEERING PROBLEMS 191 

That is, at dot-signalling frequency, the normal attenuation- 
EBfcctor is e-ii = 0000,0167, or to nearly 1/600 of 1 per cent. ; 
while at reversals-frequency, it is e " ^'^^ = 000,42, or to less 
than 1/20 of 1 per cent. These values of 0^ may be regarded 
as the equivalents of formula (281) in alternating-current cable 
theory. 

Influence of Impedance at the Sending End, — We may now 
consider the effect of modifications in the terminal apparatus 
upon the speed of signalling according to our tentative alter- 
nating-current theory. 

In Fig. 73 let the cable have a linear conductor-resistance 
r = 6'7 ohms per nautical mile (naut) and a linear capacitance 
c = 0-42 X 10-« farad per naut. Then, by (283), the surge- 
impedance of the cable is 3994/iv/co. With a length of 
1229 nauts, the time-constant of the cable is r = 4 25 seconds. 
When working at the rate of 150 letters per minute = 2*5 letters 
per second, the corresponding reversals-frequency would be 
4*812 cycles per second by (296), and the angular velocity 
(o" = 30*23 radians per second. The angle subtended by the 

cable would then be, by (282), " = Vl28~5 /45^ = 11*35 /45° 

hyps. The surge-impedance is then 726*4 \ 45° ohms. If the 
terminal impedance z^ happened to be a condenser of, say, 
40 microfarads capacitance, its impedance would be — jjco}" = 
— y827*l ohms. The total impedance offered to the alternator 
at the sending end is, therefore, Zg + z^ = 513*7 — y(513*7 + 

827*1) = 1436 \69° 02' ohms. The ratio of the potential at the 
end of the cable at A to the potential at the terminal of the 
alternator would be, by (289) — 

E^^^ 726*4\45° _ . o r.^' 

E. "-1436\6rW -^^«^/2i_02. 

That is, the potential impressed on the cable would be nearly 
50 per cent, less than that which would be impressed if the 
condenser z^ were short-circuited. The lowered potential would 
also lead the potential at alternator-terminal a by 24° 02'. 
The reduction in impressed potential would either require a 
compensating increase in the generated e.m.f. of the alternator, 
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or a reduction in tLe frequency and equivalent signalling-speed 

in order to restore the received current to its proper strength. 

1 f, however, in place of a condenser, we insert a reactance -coil 

at the sending end, with an effective resistance of 15 ohms, 

and an inductance of 12'5 henrya, the impedance of the coil 

at this frequency will be s, = 15+y378 ohms. The total 

impedance at the sending end will then be 5287 —jldo'l = 

545'8 \ 14° 24'. The ratio of the impressed voltage at A to 

.. . J ,. . ■ .V F""* 726-1 "^^5^ 

the generated voltage at a, is then ^^ — = _.,, - —■ 

^ s • E„, 545'8 -• 14° 24' 

= r33 ' 30° 36' or the effect of inserting a magnetic reactance 
in s„ instead of a condensive reactance, ia to raise the i 
pressed potential 33 per cent,, instead of lowering it 50 per cent. 
This would mean increasing the received current at B, and the 
speed of signalling could be slightly but distinctly increased, 
to bring up sinh 6, and restore the original current strength 
agreed upon. 

£est Scsistatux of the Receiving InstrunieiU. — It has already 
been shown, in connection with (278), that the best resistance; 
for an electromagnetic receiver winding to possess, 
operated by continuous currents in the steady state is z^ tanb 6 
It ia shown in Appendix J, that whether the mechanical force,, 
or mechanical torque, exerted in the receiver varies directly' 
with the ampere-turns, or the square of the ampere -turns, or 
any intermediate power thereof, the largest maximum cycUo: 
force, or torque, exerted by the receiving instrument will be. 
obtained when the reactance of the receiving apparatus 
balances and annuls the surge -reactance or reactance ( 
ponent of the surge-impedance, and when, moreover, the resist- 
ance of the winding in the receiver is equal to the surge- 
resistance or resistance -component of the surge- impedance, 
increased by any other receiving- apparatus resistance present 
That is, the most powerful reversal -signals or dot-signals wilfc 
be respectively obtained when — 

a^,-^-\- R', ohms (301). 

where a is the resistance of tije receiving-coil or coils. 



TO ELECTRICAL ExNGINEERING PROBLEMS 19.S 

measured with continuous currents or with alternating currents 
of signalling frequency, r^ is the real, or resistance- component of 
the surge-impci lance 2^, and R^ is the resistance-component 
of any reactive apparatus in the receiving circuit for balancing 
the surge-reactance. If RV is so small that it may be neglected, 
then the receiving-instrument reactance should be equal and 
opposite to the surge-resistance of the cable, and the receiving 
instrument resistance should be equal to the surge-resistance 
of the cable at signalling frequency. In other words, the 
receiving-circuit impedance should be equal to the surge- 
impedance in modulus, and have the equal but opposite 
argument. 

As an illustration of these principles to dot- and to reversal- 
alternating-current signalling, the following Table gives, in 
parallel columns, the receiving-end impedance of the 4*25- 
second cable previously discussed, both for the pure reversal- 
frequency of tt>" = 30*23, and the dot-frequency of co' = 60*40 
radians per second, corresponding to the signalling frequency of 
2*5 letters per second ; on the supposition that the receiving 
instrument is connected directly between cable and ground. 



Frequency/, cycles/sec. 
Angular Velocity w, radians/sec. 

Surge-Impedance Zo ohms. 

ft »> ^o —jxo 

Receiving inst. res. <r, ohms. 

{Zo + Zt) 

Angle of Cable 0, hyps. 



ti 



»> 



Sinh 0, numeric. 

Receiving-end Impedance, ohms. 



1 

' ReversalM 

1 

i 


Dots 


1 

i 4-81 
i 30-23 

726-4 \ 45° 
513-7 -y513 -7 
513-7 
1027-4 -i51 3 -7 

1148-5 \ 26" ;^/ 
8-014 +i8 -014 
i 11-334/45° 


9-62 
60-46 

513-7 \ 45° 
363-2— y363 -2 
363-2 
726-4— y363 -2 

812 \ 26° 34' 
11-834 +yil -334 
16-03/45° 


1510/459° 10' 
! 1,734,000/432" :J6' 


41900 /649° 30' 
34,030,000 /622* 56' 



The above Table indicates that doubling the frequency 

impressed on the cable has had the eflfect of increasing sinh 28 

times, and of increasing the receiving-end impedance 20 times. 

If we assume that the maximum cyclic amplitude of current 

o 
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requii-ed fur etteetive reveraal-fi-eqiienty signalling is 15 xiiicro- 
ninperes, and for effective dot-frequencj signalling 075 micro- 
ampere; then the maxiiimm cyclic potential E,„a impressed on 
the sending end of the cable would be 26-01 volts with reversals, 
and 'loa'Z volts with dots. It must be remembered, however, 
that 15 microamperes on each side of zero would be able to give 
a distinct record on a sensitive siphon recorder in good adjust- 
ment; whereas 0'75 microampere ciuld not be expected to give 
any perceptible amplitude, Acondenser would be needed in the 
circuit, either at the sending or receiving end. with dot-signal- 
ling, to shut off the continuous-current comi>onent mentioned 
on page 188. In pure reversal -sign ailing there is also need for 
such a condenser owing to the constant departure, towards dots 
or towards dashes in succession, from the pure reversal ri^gime. 
If now we insert a reactance into the receiving circuit, equal 
to the surge-reactance, without appreciably increasing the 
resistance, then we obtain the following conditions — 





..,„,. 


Dots 




I 1-81 


9-S2 


8u[^a Impcdanee r.i ~jr, otms. 


1 5ia7-j51S-7 


8fl8-2 -jsas-a 








a +Jxr nhraa. 






Eitra Inductanee in receiving cir- 










6-0 


(l„ -f- s,) ohn.8. 


1 1027-4 /n" 


726'4/0° 


Sinli 5 


1 15I0/46r]0' 


41900/849° 30' 




1,551,000/469° 10' 


80,440,000 /649° 30" 


Max. cyclic voltage £„» 


j 23-28 


22-83 



Tlie effect, then, of CiinceUing the surge-reactance of the cable 
is to diminish the receiving-end impedance, or the required 
impressed voltage at A, by about 10 per cent. Or, if the im- 
pressed voltage were held constant for both cases, about 3 per 
cent, inerease in angular velocity and theoretical speed of 
signalling might be derived instead. 

The extra magnetic reactance at the receiving end might be 
introduced in shunt to the siphon -recorder instead of in series 
therewith, with substantially the same range of benefit. 
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A set of experimental connections on an artificial line of 
4'25-seconds time-constant is indicated in Fig. 75. On this 
line, according to formula (281), we should expect a maximum 
practical working speed of 10/4*25 = 2'35 letters per second = 
141 letters per minute under stereotyped simplex operation. 
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Fio. 75.— Diagrams indicating Limiting Receiving-end Impedance for satisfactory 
signals in a particular case, referred to equivalent reversals-frequency. 

With duplex connections, owing to the shunting of the receiv- 
ing instrument, the speed ordinarily falls slightly, or the sending- 
battery voltage has to be raised at each end in order to restore 
simplex spe^. With the duplex connections shown, how- 
ever, the limiting practical working speed was found to be 

o 2 
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about 150 letters per minute in each direction, or 2-5 letters per 
second. By(296) this corresponds to/"=4'81 cycles per second 
equivalent reversals- frequency, or (o"=30-23 radians per second. 
In key diagram 1, of Fig. 75, is represented the impedance at 
each end of the cable for reversal s-freq it ency. The impedance 
of the shunted condenser is 292 — j706 ohms, so that the im- 
pedance of the path BD is 692 —j706 ohms. In key diagram 2, 
the branches. DO and Ha', having a joint impedance of 
273 +y422 ohms, the total impedance in the path BG is 
2j = 965 —^284 ohms, This is still shunted by the impedance 
Ba' of Sj = 1-5 +y378 ohms. In key diagram 3, the total im- 
pedance in the resultant path to ground at B is 
158 xjS5S=Zr ohms. The current in the receiving instru- 
ment is, however, less than that leaving the cable at B 
in the ratio %/{2i + Sj)- The receiving-end impedance, as 
judged at the receiving instrument, is therefore increased in 
the ratio (3j + %)/Sa and becomes — 

Z,'=(z„ + 2r) sinh e (^L^) nhms £ (302) 

In this case — 
Z,'=(513-7~y513-7-H58-Ky3o3>xl510 /459° 10' x^§^±j^g 

=2,715,000 / 363° 30 ' 

The last result is indicated in key diagram 4, where the 
maximum cyclic voltage impressed on the sending end of the 
• cable at A delivers current to ground at B through an imped- 
ance of 2715 megohms, with a lag of 363" 30'. The voltage at 
A is, however, raised above that impressed on the bridge at «, 
in the ratio 1'33. 

Wo may, therefore, say that according to the tentative 
alternating-current and hyperbolic theory of signalling speed 
over long submarine cables, using either simplex or duplex 
connections, and not more than 50 volts in the sending battery, 
the limiting speed is that which brings the receiving-end 
impedance up to 27 megohms with respect to the maximum 
cyclic alternating e.ni.f. of reversals-frequency impressed on the 
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sending end of the cable, and with the most sensitive type of 
modem siphon recorder, or to 2*0 megohms with respect to the 
transmitter e.m.f. 

In resolving the impedance Zr at the receiving end for the 
case indicated in Fig. 75, we have assumed the bridge apex 
a' to be permanently connected to ground through the trans- 
mitting apparatus T'. If we cut oflF this ground connection at 
a', by opening the key T', we increase the impedance z^ at the 
receiving end ; but it is demonstrated in Appendix K, that 
when a proper duplex balance has been obtained, the 

/z "^ z \ 
quantity (z^ + z^) f ^ ^j remains constant, which means that 

whether the bridge apex a' is freed or grounded at B, or 
remains in any intermediate state, the receiving-end impedance 
Z'l including the eflfect of the shunt on the receiving instrument, 
is unchanged, and the received signals are also unchanged, 
either in strength or in phase. It is ordinarily somewhat 
easier to compute Z'l with the ground connection cut at T', than 
with the ground connection completed as shown. 

If, in the signalling arrangement of Fig. 75, the system were 
computed for dot-frequency, or twice the reversals-frequency, 
the corresponding receiving-end impedance Z'l would be nearly 
60 megohms. 

On the basis of dot-frequency, if we apply an impressed e.m.f. 
of amplitude E volts with the aid of a battery, then, as shown 
at A A Fig. 76, the effect is the same as though an e.m.f. of E/2 
volts were sustained on the cable throughout the succession of 
dots, and superposed on this, would be the well-known Fourier 
series of alternating e.m.£*s — 

S= 2 • -{sin (o't + I sin 3 (o't + ^ sin 5jo't + . volts (303) 

where cd' is the angular- velocity of the dot-frequency /\t is 
the time, and n = 3*14159. The first term only, or funda- 
mental sinusoid, is represented at oaaa, Fig. 76. Its amplitude 
is 2/jr of the battery voltage OA. Consequently, if a battery 
of 10 volts is applied at regular make-and-break intervals, the 
eflFect will be the same as though 5 volts were steadily applied. 
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and on this a series of Fourier harmonic e.m.f.'s, the first term of 
which would have a maximum cyclic value of 6'365 volts, of 
frei[ueney equal to the dot-frequency/'. The nest term would 
have a maximum cyclic e.m.f, of 2-12 volts, and a frequency of 
Zf, and so on. All these theoretical alternating e.m.f.'s would 
be in steady operation at the sending end, and each would 
Mend its own current into the cable, independently of the rest. 
That ia, the various hypothetical harmonic currents of the 



I' 
Fourier aeries, having different frequencies, would not Interfere 
with one another. The total maximum cyclic amplitude would 
be the rectangular summation of the respective individual 
amplitudes (Fig. 54). It can easily be shown, however, that 
when the augle subtended by tbe cable exceeds 4 hyps., as 
must happen nn a long cable operated at or near full .speed, the 
current received to ground at the distant end of the line from 
the triple-harmonic frequency component is insignificantly 
small, and quito negligible. In uther wonls, only the funda- 
mental frequency component ariivea at the receiving end. All 



I 

J 
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tlie currents of higher frecjueacies are absorbed in tranaiiiissioD. 
The higher harmonic curreuta have very appreciable amplitude 
at the sending end of the line, bub are regarded, in the ten- 
tative altemating-cunent theory, as mere idle currents, that 
neither help nor hinder the fundamental working-currents. 

The theoretical condition in sending a regular succession of 
dashes is iodicated at A' A', Fig. 77. Here ihe same maximum 
cyclic fundamental e.m.f. o a'a' is operating at dot-frequency, in 
opposite phase to that at n a i but tht: continuous component 




^mmm. 



\W\i\iM\ 



o'(i' has reversed its sign from that at oo, Fig. 76. Conse- 
quently, in changing from a series of dots to a series of dashes, 
the equivalent alternating e.m.f. is not altered in amplitude, 
but both it and the continuous component E/2 are reversed. 

Tlie corresponding theoretical condition or reversal -signalling 
is indicated in Fig. 7*^. Here there is no continuous e.m.f., and 
tho fundamental alternating component of reversals- frequency 
has a maximum cyclic amplitude of 2^2 /n = 0'90, with respect 
to the impressed e.m.f. of the sending-battery. If, therefore, 
the tending-battery has, say, 50 volts e.m.f., and is applied in 
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a uniform succession of reversals, the maximum cyclic ampli- 
tude of the fundamental reversals -frequency ia 45 volts. 

If, then, in the arrangement of Fig. 75, the sending-batter}' 
E had a terminal e.m.f under working conditions of 50 volts, 
the equivalent reversals alternator would deliver 45 maximum 
cyclic volts at the bridge apex a, and 60 at the end A of the 
cable. The strength of current received through the instru- 
ment at B would be 60/2715000 = 22-1 microamperes 
maximum cyclic current. 

These principles are well iUiistrated and checked in the 
records aa, a'a', and hb of Fig. 74, which were received over 
the Caoso-Rockport cable. The frequency of the dot series 
was 5-34 dot-cycles per second, representing cu' = 33-55. The 
frequency of the reversals lAi was 2'67 reversal cycles per second, 
representing CO " =16'75. The maximum cyclic amplitude of 
the dot-signals is approximately 60 microamperes, and that of 
the reversal -signals 200 microamperes. Each series consists of 
sine-waves as nearly as the eye can detect. The sending e.m.f 
was 30 volts, and in the duplex connections, double-block 
condensers of 50 microfarads each occupied the bridge-arms. 
The shunted siphon recorder had a resistance of about 220 
ohms, and was in circuit with 30 microfarads. The cable has a 
time constant of r47 seconds. At the dot-fi-equency, its angle 
would be 7-0 / 45° hyps, and its surge-impedance 865 —j&Qb 
ohms. At the reversals-frequency, its angle would be 4'96 /45'' 
hyps, and its surge- impedance 1225 — yi225 ohms. The ob- 
served amplitudes of the dot and reversal signals are in fair 
accordance with the formulas above given. 

Summing up, then, the facts concerning the tentative hyper- 
bolic theoiy of long submarine cable -signal ling, that theory is 
in accordance with the simple C.R. law, when no consideration is 
given to terminal apparatus. The theory undertakes to define 
the amplitudes of received signals when those signals consist 
either of uniform dots, dashes, or reversals. On the assumption 
that alphabetical signalling follows the comlitions of reversal- 
signalling of the same impulse frequency, the limiting alpha- 
betical frequency with 50 volts of battery e.m.f. is found when 



t-.^ 
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the receiving-end impedance rises to 2'7 megohms, reckoned from 
the sending end of the cable. A wide field is, however, open 
to experimental research for determining the actual relation 
of alphabetical signalling to alternating current-signalling. 

Herr Bela GAti has undertaken to show * that a compara- 
tively small extra distributed inductance in a submarine cable 
is capable of producing a relatively large reduction in the real 
component of the angle subtended by the cable at frequencies 
near 1600 cycles per second, assuming no material increase in 
linear leakance. He has also published experiments and 
measurements on telegraph and telephone lines confirming 
the hjrperbolic theory. 

* See Bibliography, 57, 65. 




CHAPTER X 



MISCELLANEOUS APPLICATIONS OF HYPERBOLIC 
FUNCTIONS TO ELECTRICAL ENGINEERING PROBLEMS 

We propose in thia chapter to consider two applications of 
hyperbolic fuuctiona to problems in electrical engineering, quite 
different from those we have studied, without attempting to 
discuss them in detiiil. 

When a condenser is connected in series with resistance and 
inductance in such a manner that both the resistance and the 
inductance have to be tMken into consideration, it is well known 
that the conditions of current flow when the circuit is energized 
or de-energized divido themselves into three classes according to 
the amount of resistance present — 

(1) Oscillatory current flow ; 

(2) Aperiodic current flow; 

(3) Ultraperiodic current flow. 

1 1' we denote the dissipative ohmic resistance of the circuit 

by )' = 2p, and the surge -resistance ^- by x, then if p is less 

than z the circuit is oscitlatory. If /> is greater than ~ the 
circuit is non- oscillatory and ultraperiodic. If p=z, the circuit 
is in the intermediate condition, being aperiodic. 

Considering first the periodic case, if we construct an impe- 
dance triangle, Fig, 79, on a base p and with hypothenuse z 
the perpendicular side will be the reactance x ~ Ita. Tlien the 
discharge frequency in the presence of the I'esistauee will be 
this reactance divided by the inductance /, and will be less than 
the frequency in the absence of resistance, in the ratio xjz. 

The triangle will have, at the base, an angle ip = tan"' (—1. 
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To find the conditions during discharge, let OU^, Fig. 81, 
drawn to scale from the original O, along the X-axis, represent 
the initial voltage of the condenser that is about to send dis- 
charging current through the circuit. Dmw OU^ such that 
UOtfo = 90° — (p. Draw OE^ reverse to OU^ and OE^ related 
in the same manner to OE^ that OU^, is to OUq. Then OU^ 
will be the initial vector discharging e.m.f. and OE^ the initial 
vector e.m.f. of self-induction in the circuit. The projections of 




/> ^ y^/z 




Fig. 80. 



Fig. 79. 

Stationary Vector Diagrams of Impedance in Periodic and Ultraperiodic 

Circuits respectively. 

these vectors at any instant on the axis XOX give the respec- 
tive instantaneous values existing in the circuit. Midway 

between OU^ and OE^, lies the current vector 01^ drawn to 
current scale, the ratio .^y^ being made equal to z. Multi- 
plying Iq by the resistance 2p = ?' in the circuit, we obtain the 
vector OR, which being reversed in direction to OIq represents 
— I^r. Now let all four vectors rotate positively, or counterclock- 
wise, at the angular velocity co which exists in the presence of 
resistance. The projections of these various vectors on XOX 
reveal at any moment the quantities that would exist in the 
circuit except for the attenuation or damping. Each projected 
quantity must therefore be subjected to the damping coeflScient 
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e' I , where / is the inductaDce in the circuit and t the time in 
seconds elapsed from the commencement of discharge. Or each 
vector, instead of rotating in a pure circle, and independently 
anbjected to damping, may be allowed to rotate in an equi- 
angular spiral as indicated in Fig. 81. 




indejiendeut damping. 

If the circuit is ultraperiodic, so that p > z, construct an 
impedance triangle, Fig. 80, with z as base and p as hypothenuse. 
The perpendicular will be a hyperbolic reactance IQ, such that 
dividing this reactance by the inductiince / we obtain the hyper- 
bolic angular velocity Q, The angle yf^ at the base of the triangle 
correspooda to the angle tp in the periodic case. In Fig, 82 we 
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have the analogue of Fig. 81 with respect to rectangular hyper- 
bolas instead of to circles. OTT„ is the initial vector discharging 




e.m.f. the projection OU^ of which on the XOX-axis, is the ini- 
tial discharging e.ni.f. actually existing in the condenser. The 
hyperboKc angle of the sector OI„U(, has its Gudermannian 
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angle the circular ungle i/* of the impedance triangle. The 
vector current 01^ lioa midway between the vector discharging 
e.ni.f. OUg and the vector e.m.f. of self-induction OE^. It ia 

qu 

01. 

Multiplying I^ by the resistance r of the circuit, we obtain the 
vector Or, which should be reversed in direction if there were 
room on the diagram, in order to represent the vector -I, 
drop. As in the circular case, the three vector e.m.f a OU^,, OE 
— 0?- have always zero as their vector sum. In the periodic 
case they all rotate in circles with uniform circular angular 
velocity tu. In the ultraperioJic case, they all rotate in rec- 
tangular hyperbolas with uniform hyperbolic angular velocity fl. 
The damping coefficient may be applied to each projected 
quantity separately, or the vectors may instead be considered to 
rotate in the spiral curves shown. A considerable number of 
trigonometric formulas which apply to the rotatory vector 
diagram of Fig. 81, also apply to that of Fig. 82 when 
hyperbolic functions are substituted for the 
circular functions (Bibliography, 70). 

The important theorem that a hyperbola takes the place of 
the circle when the discharge changes from the periodic to 
the ultraperiodic type was first published by Dr. Alexander 
Macfarlane (Bibliography, 18). 

Ijiverse HyjKTboHc Functioiis. — Let an indefinitely long per- 
fectly conducting cylinder be supported parallel to an indefi- 
nitely extending perfectly conducting plane, but separated 
therefrom by a uniform conducting medium of resistivity p 
absohm-cm, (or C.G.S. absolute magnetic units of resistance in 
a cube of 1 cm. between opposed faces). A cross-section of the 
system is indicated in Fig. 83, where DEF is the conducting 
cylinder of radius o- cm., with its centre at C, which 
pendicularly distant d cm. from the conducting plane Z'OZ 
Let us take in imagination two such sections at a distance of 
1 era. apart along the cylinder, so as to comprise between them 
a slab of the system 1 cm. thick. Then the resistance of the 
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medium in this 1 cm. slab betweea the cylinder and the plane 
will be equal to that of a 1 cm. slab of the rectilinear system 
shown in Fig. 84, where EF, a conducting strip T> = 27ta cm. 



X' 




Z 



Fig. 83.— Section of a Conducting Cylinder DEF parallel to an indefinitely 

extei\ding plane z'oz. 

wide, is placed parallel to a similar strip Z'Z, but separated 

therefrom by the distance o cosh ( — 1 cm. between insulating 

walls shown shaded in the diagram. Thus the linear resistance 
of the system in Fig. 83, is the same as that of the system in 
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h 

■SB? 






Fig. 84. — Equivalent Slab Section corresponding to infinite plane and 

parallel cylinder of Fig. 83. 

Fig. 84. In the diagram of Fig. 83, all the stream lines of 
current are circles and the equipotential lines are orthogonally 
intersecting circles. In the diagram of Fig. 84 the stream lines 
are all parallel straight lines and the equipotential lines likewise. 
From the linear resistance of a conducting medium we may 
pass by a well-known transition to the linear capacitance of the 
corresponding dielectric medium. The linear capacitance of two 
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parallel cylinders, whether of tLe same diameter or of different 
diameters, then follows at ODce in terms of inverse hyperbolic 
functions or an ti -hyperbolic functions. These formulas are rigid 
at all distances, whereas the ordinary liuear capacitance formulas 
are only approximate formulas, in which the en-or ia practically 
iusigniticant when the distance between them ia more than say 
25 timci the diaiueter of each cylinder (Bibliography. 55), 




Inverse hyperbolic functions apply very conveniently also 
to eccentric parallel cylinders, as indicated in Fig. 85. 

The geometrical transformation of a rectilinear area into a 
conjugate circular area is represented in Fig. 86. Here in v «■ 
plane we have abscissas from r= —1 up to 1^ = 1, and ordinates 
from u'=— ^ to w=+ ^. If we apply to this plane the 
tanh function in the form — 

y + p = tanh (i' + jio) 
we obtain the curvilinear diagram shown. Corresponding 
portions of these two diagrams are shaded alike. Thus if 



i 



TO ELECTRICAL ENGINEERING PROBLEMS 209 

pqrx and turn: are the sections of two parallel wires in the yz 
plane, then the flow lines of current in a conducting medium 
or of displacement in a dielectric medium follow the circular 




Fio. 8B.— Graphical Comiarisoii of (r + lo^/ ~ 1) and of taali {v + <r:^ - 1). 

segments auch as c'b'a'd'e'f and the ei^ui potential lines are 
the circles intersecting these. The total flow would be the 
same as between the flat surfaces yjj'a and tuvx in the recti- 
linear diagram. Corresponding amounts of the flow occur in 
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corresponding shaded areas 
can be traced in tlie same 


HYPERBOLIC 

and correspondin 
way. 
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214 APPENDIX A 

generally. We may thus derive the corresponding formula of 

hyperbolic trigonometry. For example, taking the well-known 

formula — 

^ ■ sinaj . .^_. 

tan X = .... numeric (13) 



cos X 



1 ^ • • j^ 1 1 smh X 

we obtain ; tanh x = "^ ^ 

cosh X 



;» 



(14) 



smh X 

or tanh x = — f-— ... „ (15) 

cosh a; ^ ^ 

Again taking cos^ x + sin^ x = 1 . . . „ (16) 

we obtain cosh^a; +j^ sinh^a; = 1 . . . „ (17) 

or cosh^ X — sinh^ x = 1 . , , „ (18) 

Thus all the regular formulas of circular trigonometry may be 
transformed. 



APPENDIX B 



Short List of Important Trigonometrical Foi^mulas showing 
the Hyperbolic and Circular Equivalents, 
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cosech d = 
sech e = 



coth d = 



sinh 
1 

cosh0 
1 



tanh a 

cosh^ e — sinh^ e = 1 

sech2 a = 1 - tanh.2 

sinh 20 = 2 sinh cosh 

cosh 2a = cosh 20 4- 8inh2 e 

. 1^..- 2 tanh a 

tanh2fl = j-_^-^^,- 

coth2a=^2th!MLL 

2 coth 

a sinh a cosh a — 1 

tanhi; = 



2 " 1 + cosh B 



sinh a 



=v 



cosh a — 1 



cosh a + 1 
sinh (ai ±62)= sinh aj cosh 02 ± cosh 

sinh 02 
cosh (a^ db ag) = cosh 0^ coshg -t sinh 

sinh 02 
. 1 ,- «x tanh a, i tanh a- 
tenh (a, ± (^.) = 1 ^ tanh a, tanh a, 

o^fi, /fl a. ii ^ cot h ai coth a^ ± 1 

coth (a, ± a^) = ciith a, ± coth a^ 

sinh (aj +a2) + sinh (aj — ag) = 2 sinh 

cosh ag 
sinh (0^ 4- ag) — sinh (a^ — ag) =2 cosh 

sinh 02 

smh a = 
cosh a = 



B^ 



a. 



a. 



a. 



2 

«a + e- 


-a 


2 

€a-6 


-( 



. , . , ep , 2(fi 179' . 



d sinh a 

rfa 

<i cosh a 

irfa 

(£ tanha 

rfa 



= cosh a 



= sinh a 



= sech^ a 



CIRCULAR 



cosec )B = 
sec )3 = 



sin )3 
1 



cos /3 

cot/8 =^^ 
tan)3 

cos^ /8 4- sinS /8 = 1 

sec2 )B =» 1 -f ten* )B 

sin 2)3 = 2 sin )3 cos j8 

cos 2)8 = cos* ;8 — sin* /8 

tan 2)8 = _2tan3 
l-tan*)8 

cot 2)8= S2fA:=i 

2 cot )8 
ten — — sin )8 _^ 1 - cos )8 
2 ~~ 1 4- cos )8 "" sin )8 
s_ /l — cos )8 



V 



1 + cos )8 
sin (j8i i iSa) = sin )8i cos )82 ± cos )8i 

sin )82 
cos ()8i ± )82) = cos )8i cos )82 T sin )8i 

sin )82 
^ . ^ ^ tan )8i + tan iSg 

^^(^^^^) = l + tan)8,ten)82 

cot )8j cot )3 2 + 1 
cot {^ ± ^) = eot )82 ± cot"^ 
sin (j8i 4- /Sg) 4- sin (j8i — jSj) = 2 siQ)8 

cosiSa 
sin ()8i 4- ^82) — sin ()3i — )82) = 2 cos )8, 

sin ^2 

sm ^ = -2^.— 

e;^ 4- e - '^ 
cos )8 = — ^2 

tan )8 = -TT j . 

. „ /3» , 2/3» 17iB' , 



= cos fi 



d sin )8 

~~d0~ 

d cos )8 . ^ 

-^^ = - Bin 3 

e^ten )3 
~(i?)8 



15 



= sec* 3 
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Fundamental. Jtdations of Voltage and Currmt at (uiy Point 
along a Uniform Li')ie in the Steady State. 
Consider a uniform conductor, say a lead-covered insulated 
wire, as indicated in Fig. C. At a distance .r km. from the 
home end, let the steady potential to ground or sheath be 
e volts, and the steady current, along the conductor be i amperes. 

A\A \\\V\\\\ l\ \^ \ V\ \V \i i^i^i 



4 



■is 



A\\\\\UV^:.i\\\^\\\\\\' 



^ ' I ' \ ' ' I' ^ ^ ' ' ' ' ' ' ' !' ' ' ' ' ^ ' ^ V 



-^- 



Then if we consider a short element of the conductor dx km- 
long, and if r ia the linear conductor- resistance, the conductor- 
resistance in the element will be nix ohms. Likewise, if g be 
the linear leakance of the insulator in mhos per km., the 
ieakaiice iu the element will be gdx mhos between conductor ' 
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and sheath. The drop of potential in the element will be 
i,rdx volts, and the drop of current in the element will be 
e,gdx amperes. 

That is — —dc = irdx volts (1) 

or — — = — tV volts/km. (2) 

and — '-di = egdx amperes (3) 

di 
or — _ = — f^ . . . amperes/km. (4) 

Differentiating (2) and (4) again with respect to a; we obtain — 

rf^c _ _ di _ volts ... 

^2- -^'^-^^'-^ .... ^j^~y2 Co; 

J dH de amperes .^. 

The solutions of (5) and (6) are known to be (Biblio- 
graphy, 7)— 

e = A cosh (^gr . x) + B sinh (^gr . x) . volts (7) 

^ = C cosh (y/gr . a;) + D sinh (^gr . x) amperes (8) 

The bracketed quantities in formulas (7) and (8) are hyper- 
bolic angles ; while A, B, C and D are constants depending on 
the terminal conditions of the line. If the steady conditions at 
the sending end are known to be an impressed e.m.f. of E^ volts 
and an entering current of I^ amperes ; then — 

« = Ea cosh L^a — Ia^'o sinh L^a . . volts (9} 

E 
and — ^ = Ia cosh L^a ^ sinh L^a . . amperes (10) 

where L^ is the distance x from the sending end, a = ^gr and 

r<, = >%/-. If, on the other haHtl, the conditions at the receiving 

end, B, are known to be a terminal e.m.f. of E^ volts and an 
escaping current of Ig amperes ; then (7) and (8) become — 

J 6 = Ejj cosh LjjO + Ib^o sinh Lga . . vote (H) 
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and — i = In ctHih I^a + -^ aiuli L^a . . amperes (12)1 

where L^ is the distance of the point x from the receiving end 1 

of the line. 

Thus, if the distant end B of the line is freed (Fig. 10), then ] 

in (IX) and (12) we know that the current to ground at that 

end vanishes ; so that Ib = 0, and those equations become— 

e = Eb cosh l^a .... volts (lla) 
i = — sinh Lji . . . amperes (12«) 

where e and i are respectively the e.m.f. and current at the 
sending end of the line of length L.^ km. Consequently, the 
resistance offered by this line at P is — 



R, = 



;oth L„a 



(13) 



But although (11a), (12a) and (13) are arrived at over a length 
Lg km. between the point P and the distant free end B, yet 
the reasoning they present is general, and applies if the point 
P be moved back to A (Fig. 10). That is, they apply to any 
line of length L and angle 8 ; so that, substituting E^ for e, 
and Ia for i, we have — 

Eb = — u /I = Ei sech ' . . . volts (14) 
cosh 6 

R, = i-^ coth ff ohms (15) 

Again, if the distant end B of the tine is grounded, then 

in ( II ), the terminal e.ni.f Eb = 0, and this equation becomes — 

c = Ib ^o sinh L./t . . . volts (Hi) 

or the current Ie, received to ground at B, is — 



\ 



Ib- 



upercs (16) 



inh L^a 

where e is the e.m.f. impressed on the section Lg at P. If we 
move P back to A, the length becomes L, and the angle of the 
line becomes La = ; while e becomes E^. Hence — 
E* 
'■ sinh 



111 



mpere-i (17) 
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To find the sending-end current at A with the line grounded 
at B, we may take (12), make Eb = 0, and substitute the value 
of Ib from (16) ; or, we may take (9), and make c = therein. 
In either case, we find — 

E E 

In the same manner, if we wish to find the potential and 
current under any assigned terminal conditions, we have only 
to apply those conditions to the proper equation in (9), (10), 
(11) or (12), and arrive at the required result. 
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Algeljraic Proof of Equivalence behveen a Uniform Line and its 
T Conductor y both at the Sending and Bcceiving Ends. 

Let A'O'B'G', Fig. D, be the equivalent T of a line having 
an angle 6 hyps, and a surge-resistance z^ ohms or surge-con- 
ductance ?/q = Ijz^ mhos. Let the two branch resistances be 

each made equal to / = z^ tanli-^ ohms, and the conductance of 

the leak be made g = y^ sinh 6 mhos. Then if the T be 
grounded at B through a resistance a ohms, the apparent resist- 
ance of the line at A will be — 



,\^ 






/o 




X,tajJii 





%, tank I 



^ a' 

Fig. D. — Equivalent T circuit witli a terminal load a at the receiving end and 

an e.m.f. E im})ressed at the sending end. 



B, = P' + 



(P'+ o) i 



P+0+-, 



^ = P' + T7V 



p' + a 



pV+ aff'+ 1 



. ohms (1) 



d 



Substituting z^ tanh -x for p', y^ sinh Q for g', and z^ tanh Q' for o, 
by (54) we have — 






z^ tanh-^ + ^o ^^^^ ® 



2 ' 

tanh - sinh 6 + tanh d' sinh 0+1 
jl * 

220 



ohm3 (2) 
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g t inh ^ + tanh fl' 1 

= 0^ i tanh s + z r • ^^"^s (3) 

I 2 cosh e + sinh fl tanh fl' J 

^, J^inh^ , 1 +coshfl +^^^^ ^^ 1 „ (4) 

[l + cosh fl + cosh e + sinh fl tanh fl' J 

T sinligcoshtf H-sinh ^gtanh g'+sinh g+tanh ^"(1 + co8h e) \ ohms 

~ ^o I (1 + cosh «) (cosh e + sinh a tanh tf') j (5) 

_ ( (1+ cosh fl) (sin h +_cosh fl_tanh «')( _ 
"= ^o 1(1 + cosh 0) (cosh fl + sinh tanh fl')J "" 

-• iTi^urrx - '• '-'■ <»+»•' ■ °^- w 

This result is in accordance with formula (56) for a terminally 
loaded uniform line. 

The current entering the line at A will therefore be, if Ea is 

the impressed e.m.f., Ia = — z — u ff^ \ a^ amperes, and the cur- 
rent reaching ground at B will be — 



■^o 



*B— -^A.- ^ amperes (7) 



sinh' 

= Ia. 1 . 

sinh tanh -^+ sinh 6 tanh 0'+ 1 

= 1* 1 



>> 



(8) 



A. 



1 + (cosh fl — 1) + sinh 6 tanh d' 

= Ia.____JL_ . 

cosh 6 + sinh 6 tanh 0' 
= I^ cosh 0' 

cosh cosh 0' + sinh sinh 0' 

= Ia. ^^^^ ^ 

' cosii (0 + 00 

= Ea cosh 0' 



^, sinh (0 + 0') ' ' 
which is in accordance with formula (57). 



»> 



)) 



if 



>» 



jt 



(9) 
(10) 

(11) 
(12) 



(13) 
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jEquivalence of a Line 11 and a Line T. 

LiET zx zb zq (Fig. E) be the three impedances of the star, 
Va Vb Vq be the three corresponding admittances — 

111 



A' 



^A ^B ^G 



respectively. 




■WWWVAWW 



y^ 



V-. 






G" 



Fig. K.— 



Externally equivalent star and delta of 
resistances or impedances. 

222 



APPENDIX E 223 

Let z^ z^ z^ be the three impedances of the delta, 

Ifi Vi Vz ^® *he three con'esponding admittances — 

111 . , 

— , - — respectively. 
z. zJ z^ ^ ^ 

1 2 3 

Then the star will be the external equivalent of the delta * if — 

^A = ^ ■ 1\ ^ " = ^ .... ohms (1) 

^^- z^ + z^ + z^" IT ' ^"^^ 

h + h + h ^^ 
where Zz represents the sum of the three delta-impedances. 
The delta will likewise be the external equivalent of the 
star if — 

yAye .^yAyB^bos; 

""^ Vk + .Vb + yo Zy 

ov z.— — ^ ohms (4) 
//A 2/B 



yA?/o ^j/Ayo^,^^ 

yA + ye + yo -Sy 



^* yA + ys + yo Zy 

ys yo 

where Hy represents the sum of the three star-admittances. 

If yA = yo/tanh "2 ye = y^/tanh -^ ?/q = ?^ sinh ; 

<hen by (4) — 

Vof z + sinh d\ 

Vtanh I / 

'^= y? 



= ;?^ tanh i^2 -f sinh tanh l\ 



tanh^ 



ohms (7) 
^66 Bibliograpliy, 22. 
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= .. tanh 1(2 + ^^^) = z^ tanh |(l + cosh o) 

ohms (8) 

= ^o sinh e „ (9) 

which is the impedance to be inserted in the architrave of the 11. 
Again by (5)— 

9 sinh 6 
Vo"- g 

tanh-^ . , ^ 

^VaVq^ 2 __ sinh 

^y o . . u . . ,. fl "" \ . sinh2 e 



Y + sinh fl tanh -^ ^ 2 + j-qr^^^ 



tanh-^ 



sinh B ^ i,*0 /iA\ 

= y° l+coshfl = y°^°^2 • • • <'^> 

which is the admittance to be inserted in the A pillar of the /7, 

and, by symmetry, also in the B pillar. 



APPENDIX F 

Analysis of Artificial Lines in Terms of Continv^d Fractions, 

Before taking up the analysis of an artificial line, it is 
desirable to consider two indispensable propositions in the 
algebra of continued fractions. 

A continued fraction of the type — 

F^(a, ^) = 1 numeric /. (1) 

a+ 1 

4,, /TTI 



is called an alternating continued fraction ; because the two 
terms a and b appear alternately in the successive denominators. 
On the other hand, a continued fraction of the type — 

Ffi (c) = 1 numeric /_ (2) 

c~+l 



^. 



%. ^ + L 



c + 

may be called a covMarvt contintted fraction. The quantities a, 
6, and c, here considered, are numerical constants, positive or 
negative, integral or fractional, i eal, imaginary or complex.* 

If we multiply the four-stage continued fraction (1) by any 
constant fietctor rf, we obtain by successive steps — 

d 1 _ 1 . . numeric z_ (3) 

r bVl W '^ {hd) -{- d \dr{h(x 



f 6 + L \l)'^{bd)-\-d \d}'^{bd)+l 

a H- 1 a -f 1 (a\ 2. 

KdrCba 



6+ 6+ \d/^{bd)+ 

* Certain limiting cases of the propositions, including Strehlke's theorem 
(Bibliography, 2), are defined in the original publication. (See Biblio- 
graphy, 47.) 
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This process is perfectly general, and may be carried on to 
any number of stages. It leads to tlie following conclusions, 
which aiay be also demonstrated io other ways — 

(a) The effect of multiplying a continued fraction by a 
constant d is to divide all ihe odd denominators by d, and to 
multiply all the even denominators by d. 

(b) The effect of dividing a continued fraction by a constant 
d is to multiply all tlie odd denominators by d, and to divide 
all the even denominators by d. 

(e) The effect of multiplying an alternate continued fraction 
F„(a, 6), by a constant d is to produce a new alternate continued 
fraction, in which the odd denominators are a/d, and the even 
denominators are hi/. 

(rf) The effect of multiplying an alternate continued fraction 

FJa,h), such as (1), by the particular constant 1/ = */^'', is, 

by the last preceding proposition, to produce a new alter- 
nate continued fraction, in which the odd denominators are 

a J - = ^ub and the even denominators are hJ ^ = »Jab. 
Thus the new alternate continued fraction reduces to a constant 
continued fraction F„(^a6) for the particular case (;=w- 

^° F. („, h) = F. (V„T) . . numeric I (4) 
and- F.(«, !>)=^^ F. (^3) . 



« + l 

'- + 1_ 



_ lb 1 

"V a ** JS+ 1 



.. (5) 
. (6) 






That is, any alternate continued fraction may be expressed s 
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&ctor multiplied by a constant continued fraction of the same 
number of stages, the constant term of the latter being the 
geometrical mean ,Jdb of the two alternate terms of the former, 

and the factor being a/— the square-root of the ratio of the 

alternates. 

Terminally Loaded Alterruite Coivtimied Fractions. — If an alter- 
nate continued fraction of n stages in a and h terminates in a 
denominator m, thus — 

r» (^» *)i = 1 numeric /_ (7) 

i+1 



^ a + , . , . 

& + 1 

a -hi 
m 

it is called a terminally loaded alternate continued fraction, and 
the final fraction 1/m is called the terminal load of the continued 
fraction. 

Expression of a Constant Continued Fraction in Hyperbolic 
Functions of an AuoMiary Angle, — It may be proved * that — 

r* / \ -• sinh nu -n . 



c+1 
c+'l 






or- 



V;y cosh HU ... . - , ... 

= • 1 / — . ^x n n IS oad (9) 
sinh [n '\- \)u ^ ^ 

where sinh u =i-^ or u = sinh f -j numeric /_ (10) 

Consequently, any constant continued fraction n stages may be 
expressed as a sine-cosine ratio of n and ti -|- 1 times a certain 
auxiliary hyperbolic angle u, defined by (10). It follows, 

♦ See Bibliography, 47. 

Q 2 



228 APPENDIX F 

therefore, from the precediog that any alternate continaeH 
fraction of n stages may be cKpresaeii as a factor, multiplied 
by sine-cosine ratio of n and n + l times a certain auxiliary 
hyperbolic angle u. 

Example. — Consider the particular 3-stage alternate continued 
fraction F, (.,ft) = J^-j^^-j-j-^ _ 

500 + 1 

0-00025 

Here ([=000025 and 6=500. This can be transformed by pi 
position (d) formula (6) into the constant continued fraction— 



Vooc 



.00 



J 

' V0T25 + 1 



This, again, becomes, by (9), ^2,000,000 
, . , V'O'125 



^0-125 + 1 

V0T25. 
cosh .lu 
sinh 4k 
0-353554 



0176777 



or. by tables, n = 0-17586 . . 
so that Fj (a,b) = 1414-2138 x 



cos h 052758 
sinh 0-70344 



a result easily checked by direct arithmetical solution of Fj (u.b). 
In this comparatively simple case, it is easier to solve the 
alternate by direct arithmetic; but in the case of an alternate 
continued fraction of unwieldy constants, and many stages, it 
ia much easier to obtain the solution by the hyperbolic process. 
Terminally Loaded Alternate Continued Fractions Expressed 
in Terms of Hyperbolic Functions. — Considering the following 
notation for an ascending series of tei-minally loaded alternate 
continued fractions — 

F.(»,i), .,^-. „„, 
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F 




^^ <^'«).^ - [+ 1 




numeric /. (12) 


« + l 






m 






^« <'^'*>^ - « -. 1 




„ (13) 


b+l 
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etc. ; we may write consistently with the above notation — 
Fq (M)j_ = — numeric /, (14) 

in VI 

It is easy to show that if ?i^ is an odd value, and n ^ an even 
value of n — 



T? / z\ /* cosh (nu + u) • / /I -\ 

*».(«> ^)i = A/- • • I, f/ . i\ . /I numeric /_ (lo) 
m > « smh {(n + 1) «« + u \ ^ ^ 

where, as before — 

u = sinh -1 (^*) = sinh -• {^l . '^ „ „ (17) 

X cosh v^ \ 

and — w' = tanh "M /a . , I • • „ „ (18) 

v ^v ? — ^^ ^' / 

When a, J, and 7?i are positive real quantities, (18) becomes 
uninterpretable if the denominator becomes smaller than the 

numerator. That is, m must not be less than e " \ — • 

\ a 



If m is less than e "a/-i we may write — 



u' =j ^ + ?t" numeric (19) 



/«i^^-sir 
\ cosh u 



whence w"= tanh -1 ( '"^/ 6 ^mh « . ^20) 
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where u is positive and real. Formulas (15) and (16) then 
become — 

T* / i\ 1^ sinh (nu + u") . ,^^ , 

F.(a.i)i =Va • c oshW + l)i+."} ""•"«"« (21) 

n /i \ M cosh (nu + u") ,^^, 

F,, (6,a)i = ^^ . 3i„h ;(^ ^ 1) ,^ ^ ,»^ .. (22) 

In the particular case where vi = ?>/2, i^" = ; so that — 

K,(a,&) =y- ■ ^^h(^^i)^ . . . iiumenc(23) 

Moreover, if we add-^ to F^, (a, ft) as in the particular case — 



ft , t;, / 7v ^^ , 1 numeric (25) 

^ + F3(a.6) = 2+^qrT _ 

6+1 



we have by (6) and (9) — 

ft 
2 



ft . T. / 7\ /^ ^ tjah . cosh rm ) . ,^^. 

2 + ^"- ^^'^> = Va i V + sinh in, + 1) 4 '^"'»«"« <26) 

=-.I-\ sinh « + ^,^,^^-^, ,-| „ (27) 
\ a ( smh {n^ 4- 1) ?^J " ^ ^ 

= J- {cosh ^1 . coth (?i-^ + 1) t^} „ (28) 

7 

Again, if we add ^ to F^^^ (a, ft)^ ^ as in the particular case — 
^ + F3(a, ft)j,,, "^2"^aT^l * * numeric (29) 

6 + 1 

« + 1_ 

6/2 
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we have, by (23) — 



= a/- {cosh 7/ . tanh (??^ + 1) i(\ 



>> 



(32) 



Application of Fo^'egoing Formulas to Artificial Lines. — There 
are two types of artificial line, the single-conductor and the 
double-conductor line, as shown in Figs. 1 and 2 respectively. 




Fig. F1. — Single- Conductor Type of Artificial Line. 

These are electrically equivalent, ignoring questions of lumpiness, 
circuit balancing, and circuit symmetry, if in each section AB of 

B' C D' E' 



B' 



C 



D" 



n 



Fig. F2. — Double-Conductor Type of Artificial Line. 



//T>// 



A'B'-f A"B 
Fig. 1, there is the same conductor-resistance as in ^ — 

of Fig. 2, and that the capacity in each section of Fig. 1 should 
be twice the capacity in each section of Fig. 2 ; so that the CR 
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r product, i.e. the total resistance R in the line circuit, and the 
r total capacity C across the circuit shall be the same. It is thus 
I evident from what has been considered in earlier chapters that 
[ it is siifficieDt to discuss single-conductor lines only, with the 
[ understanding that the discussion applies immediately to corre- 
sponding double -conductor lines. 

It is also evident, from what has preceded, that we need 
only consider single -conductor Jines of the continuous -current 
typo, with sections of conductor - resistance and leaks in 
derivation jis shown in Fig. 3. The formulas which we shall 




Fir;. F3.— Artificial Liu 



use will then apply to alternating-current artificial lines with 
condensers, by extension from real to complex numbers. 

Fig. 3 shows a four-section artiiicial line AB. The four 
sections are alike. Each consists of a conductor- resistance 
r^ ohms, with a leak of g-, mhos at the centre. In other words, 
the artificial line is a simple succession of uniform T'a. The 
junctions are numbered from (0) at B to (4) at A, and the leaks 
are marked with corresponding Roman numerals. 

Sending-end Sesistance of Artificial Liiie ^ckeTi freed at Distant 
End. — Let it be required to find the sending-end resistance of 
the artificial line at A, when freed at B. 

Commencing at leak I nearest to B, the free end, the con- 
ductance of this leak is g^ mhos. Consequently, the resistance 
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in the line between leaks is r^ ohms. Therefore the resistance 
beyond leak II is — 

Rni = ^'i H . . . • ohms /, (33) 

Expressing this as a conductance beyond point II — 

Adding the conductance of leak II, to obtain the total conduct- 
ance at and beyond II — 

G /ii = ffi + ~-:pf =9i + ^o(rvgi) . mhos /_ (35) 

Expressing this as a resistance at and beyond II — 

^/" = ^:r-i = ^^(9vr,) . ohms I (36) 

Now transferring attention to leak III, the total resistance 
beyond this leak is — 

R/i„=n + l =r, + F,(g,,r,) . ohms Z (37) 

9i 
Expressing this as a conductance — 



C'/in=!-^r-, =F,(rv9i) ■ mhos/ (38) 

^1 + 1 



v-i + 1 

9i 
Adding the conductance of leak III to obtain the total con- 
ductance at and beyond this leak — 

G'/iii = ^1 + J-XT =.'7i + F,(7v^i) mhos/. (39) 

^1 "•" ^ 



9i + ^ 



'i + A- 
ffl 
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Expressiog this as a resistance — 



^/"'=^rqri =^5(^1.^1) • ohms/.(40) 



^1+1 



^1 



Transferring attention to leak IV, the resistance beyond this 
leak is — 

R/iv = ri + — — - =^i + F5(^i,ri) ohms Z (41) 

r^ + l 



</i + l 



ri + l_ 
5^1 



Expressing this as a conductance- 



^J'^^^r+l =F6(^i.^i) mhos Z (42) 

5-1 +"1 



»'i + l 



n + 1^ 

Adding in the conductance of leak IV, the total conductance at 
and beyond IV is — 

G'/iv = ^1 + ,. ^ 1 = ^1 + K(^v9i) ml»os I (43) 

'•1 + 1 



fh + 1 

9i 
Expressing this as a resistance and adding the last half-section 
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of resistance 4 — IV, we have as the total sending-end resistance 
of the line in the steady state, with the distant end free — 

R/A = Rx4) = ^ + ^^py = I + FtC^i. ^i) ohms L (44) 

r^ + 1 

'9x + 1 



r^^- 1 



^1 + 1 



r, + 1 

But by (28) we have— 

R^^ = a/~ (^osh 11 . coth 8w) . ohms /, (45) 

If the sections of this line were indefinitely short and 
indefinitely numerous ; that is, if the line were composed of, say, 
a million small sections each of conductor-resistance r^, and 
leak g^, it would be equivalent to a smooth uniform actual line of 
those constants and it would have, by (27), a surge-resistance 



\7 . . .• . 

AZ-i ohms. Consequently, in the artificial line here considered, 

the ratio \\— may be called the apparent surge-resistance, and 

be denoted by z^'. So that — 

R^^ = z^' cosh n . coth 8?/ . . ohms l_ (46) 

and writing z^ for z^' cosh u — 

R^^ = z^ coth %u ..... ohms /_ (47) 

where— u = sinh - ^ (!^lMi\ .... hyps. /_ (48) 

As an example, suppose that each section of the artificial line 
has a resistance r^ = 500 ohms, and a leak of g^ = 000025 mho. 
Then— 



«o 



= VoSs = s/'^'^^OfiOO = 1414-2 ohms, 



and — 

= sinh - 1 0-17678 = 017586 hyp. 




DIX F 

[f the Ifak is applied half at ea«h end of a sectksi 

Bymmetrical //; then if ;^" = \^'\l ffi 

:^ = ;„" / oosU II ... . ohi 
80 that tiie smooth line corresponding to the lirtij 
readily found. 

In the case of alternati eg- current artificial lines in 
state, with condensers in the section leaks, the probli 
same; namely, to find the equivalent section of smooth 
represented by each symmetrical ^-section. The sanm foi 
apply, but must be interpreted vectorially or in two dimei 
This means that the smooth actual line which is the exi 
counterpart of a given section of artificial line comprising 
and leakage impedances, varies with the frequency of opei 

Fig. 4 gives the graph of potential distribution over a fii 
section line of the type above considered, with the distant eaj] 
free, and 100 volts applied steadily at the home end, » 
represented in Fig. 18, page 39. The heavy broken line repre- 
sents the fall of potential in the artificial line, and the dottad 
curve that which would be found in the corresponding unifonn 
smooth line. The heavy broken line is therefore a funicular 
polygon, or inelastic string loaded with equal weights at the 
equidistant points I, II, III, IV, and V; while the dotted 
curve is a simple catenary between the same terminal pointaU' 
The catenary coincides with the polygon at the section-junctioss 
1, 2, 3 and 4 ; so that each section of the polygon is externally 
equivalent to the corresponding section of the catenary. 

It follows from the foregoing, that the distribution of resistance 
potentials, currents, power and energy at the sect ion -junction of 
a T-section artificial line, operated either with a continuous 
current, or with a single-frequency alternating - current, is 
identical with that of the corresponding points on the equivalent 
smooth line. Inside each ^-section, the electric distribution is 
evidently different from that within the corresponding sections 
of the equivalent smooth line. The actual distribution at any 
point inside each T-section may, however, be readily found by 
Ohm's law deduction, from the distribution at the adjacent 
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section-junction. The conditions at any given leak may also 
be readily determined in hyperbolic functions. Thus, witli the 
distant end free, the ratio of the resistance beyond the (N -f- l)th 
leak, to that at and beyond, t. e. including the Nth leak, is — 

R/- N+i cosh (2 N -f- 1) w . , ,^^, 

IdT = u/oxT~ i\ • • • numenc /_ (60) 

R/, N cosh (2 N — 1) w ^ \ / 

With the distant end of the line grounded, the ratio of the 
resistance beyond the (N-f-l)th leak, to that at and beyond, i. e, 
including the Nth leak, is — 

Rf^.N + i sinh (2 N -h 1) n . 

1^ = • u /o M T\ • • • numeric /_ (61) 

R ^, N Sinn (2 N — 1) iA ^ \ / 

The line current at one side of a leak is obviously the same 
as the line current at the next adjacent junction on that side, 
whether the distant end is free, grounded, or in any inter- 
mediate state. 

Moreover, whether the distant end is free or grounded, if Ex 
is the potential on the equivalent smooth line at the position 
corresponding to leak N (Figs. 3 and i); then the potential at 
this leak on the artificial line is — 

EV = En sech u .... volts /_ (62) 



APPENDIX G 

A Brief Method of Derimng Campbells Formula: 
Cosk L'a = Cosh L'a + — siiih L'a . . numeric. 

In Fig. Gl, let AB be a line loaded at regular distances L' km. 
with series loads of Z=2 a ohms. In the continuous-current 
case 2^ is a real numeric. In the single- frequency alternating- 
current case, ^ is a complex numeric. A'B' represents a second 
line which is without loads, but which has such linear constants 
as to be electrically equivalent to AB from any one mid-load 
point a to any other such as h. 

a , b 




Fic, Cil. — Compatison of Loaded and EquiTalsnt (Jnloadod Line. 

Confining attention to the section ah of the line AB, ground 
the end of this section at b, and let a current of I(, amperes flow 
from it to ground there. Then the voltage at the b end of the 
section will be by Ohm's law — 

E, =Ii,o volts (1) 

The current entering the section at a wil! then be, by (15) — 

I„ = It cosh L'a +11,— sinh I/a . amperes /_ (2) 

where a is the attenuation-constant of the line AB without 
loads. 

Now referring to the equal length L' km. betweiai the 



^Bfeorreepooding points a'b' on the companion lia 
^m at b' but without loads, we have, since E',/ = 
H I'„. = \\- cosh L'a' . . 
^Bvliere a' is the atteiiualion-consta,nt of the lin 

T" 311J10 u « IBS B 7 fc r + T,i 
„ " t 1 1 1 ^ 


e,A'B',g 
— 
ampere 
e A'B'. 
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APPENDIX H 

AiuUytis of the Injluejiet of Additional ZHstributed Leakawx 
on a Loaded as compared iinth an Unloaded Line. 

With reference to Fig. 64, for any given line loaded or 
unloaded — 

Let ^, be the argument of the vector conductor impedance ^ 
Let /Sj be the argument of the vector dielectric admittance y. 
Then the real component of the attenuation -constant of tiie 
line is by (150)— 

a^ = -Jz>i c 
Differentiating with respect to ^.,, we have- 
Ji}l „;„ /4 + A 



,{^') 



hyp. per km. (1) 



da, = 



When a cabled line 



.(&±A.) 




hyp, per km. (2) 

numeric (3) 

- , at (o = 5000, is near 



45° and — ' = ~ approximately. When such a line is 

loaded, ^' . ^^ is usually near to 85° and tan -- jj~ = 11"4 



approKimately ; 



; that is, the per- 



centage change in a, for a given smalt reduction in j3j due to 
extra distributed leakance is more than ten times as great for 
the loaded as the unloaded line. 



When an aerial line is unloaded, -L- 
uaually near to 75°, and — ^ = — 3-7 



is loaded, 



3, at w = 5000, is 

When such a line 

approximates 85°, and tan „ ^g ~ \\-\_ 



dj, 
2" 



Consequently, the percentage change in a^ for a given small 
reduction in /S^. due to extra distributed leakance, is some 
three times as great for the loaded as the unloaded line. 



APPENDIX J 

To Find the Best Resistance of an JSledromagnetic Receiving 
Instrument Employed on a Lo7ig Alternaiing-Current Circuit. 

The receiving instrument is assumed to be of the electro- 
magnetic type, employing a coil or coils of fine insulated copper 
wire in the receiving circuit to ground. Let o be the resistance 
of this winding in ohms. Let the inductance of the receiving 
apparatus be considered as independent of the resistance, i. e. 
the inductance of the winding is either small relatively to the 
resistance ; or the inductance accompanying the resistance of 
the winding can be modified, compensated for, or overshadowed 
by independent adjustments of other inductive elements in the 
receiving circuit. 

Then following the reasoning explained in connection with 
(276), either the magneto-mechanical force in dynes or the 
magneto-mechanical torque in dyne perp. cms., exerted by the 
apparatus under the excitation of a certain maximum cyclic 
received current I^b, is either proportional to the ampere-turns 
^ilmBj or to some power of the ampere-turns {n-^lmBy where p 
is a positive real exponent not greater than 2. 

If the receiver winding has fixed dimensions and volume, 

a winding of very fine wire will make a coil of numerous turns 

and, therefore, great sensibility, but possessing very high 

resistance. On the contrary, if the coil is formed of coarse 

wire, the resistance will be small, but the sensibility will be low. 

Evidently it is advantageous to reduce the size of the insulated 

wire until the increase of resistance more than offsets the 

increase of sensibility. If throughout the range of working 

sizes of wire, the ratio of bare to covered wire diameter is the 

same, so that the same total weights of copper and of insulating 

material will enter the winding with each size ; then halving 

the diameter of the wire will quadruple the number of turns, if 

the winding is carefully executed, but will increase the resistance 

sixteen-fold. Following this reasoning, the number of turns in 

245 
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vinding of fixed volume and dimensioQs varies as the square 
rout of its resistance to continuous ctirreots and also to low- 
frequency alternating -currents, Consequently formula (276) 
becomes — 

F = a'(I„Bvo)'' ■ dynes or dyne J. cm. (1) 
where n' is a constant of the apparatus, depending upon its 
construction. The value of the received current by (286) is — 



i.„ 



a vector equation. 
Let— 



(^o + ^r) sinh "fl 



max. cy. amperes /_ (2) 



'■o+J'^o ohms ^(3) 

and— s, = -|-R% +P\ ... ,. Z. {*) 

where R'r is the extra resistance and Zr the total reactance io 
circuit with a. The current I„,b will always be a maximum 
for any given values of z^. a, and R'r when — 

^*'V +J-'''o =0 ohuia (5) 

or— j;. = — a'o „ (6) 

Since x^ is always a negative reactance, av must be positive or 
magnetic reactance. Substituting in (2) we have — - 

I = ^ 

"" ((■„ + a + RV}[sinh 6] 

where [sinh 0] means the modulus of sinh 6 or the numerical 
value of sinh 6 with its argument suppressed. Formula (7) is 
now reduced to real numerical form and may be substituted 
in (1)- 

F=„'/ E.^v'o 

l('-,+o+K',)[«mhe 
In order to find the value of a, which will make F a maximum, 
we differentiate F with respect to a and equate to zero in the 
usual way — 

ilF_ , / E„.A -/^ Y^' 

do "^'Ur^ + o + B'OLsinhfl]/ 

2 /^{(''o + ° + KV)[siiih 6] - E„,A */5'[sinh 0] 

max. cy, dynes dyneXcm. 
ohm ohm 



max. cy. amperes (7) 



ut-cy. dynes ordynej.om. (8) 



(9) 
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In order that this expression shall reduce to zero, it is 
necessary that — 

r^ + o + R',. — 20=0 ohms (10) 

or— o=r^ + KV . . „ (11) 

If the extra resistance-component of impedance in circuit with 
a is negligible ; then — 

a=;-o ohms (12) 

Consequently, the maximum cyclic magneto-mechanical force, 
or torque, developed in the receiving instrument in the steady 
alternating-current state, will be a maximum if the reactance Xy 
in the receiving circuit is equal and opposite to the reactance- 
component in the surge-impedance, and if the resistance a of 
the winding is equal to the resistance-component of the surge- 
resistance increased by any extra resistance RV in the receiving 
circuit. 



APPENDIX K 

On the Identiiy oj t/ie Inslnimsnt Reeeiving-end Impcdanr^ of a 

Duplex Submanne CaUe, whether the Apex of the Duplex 

BrUigf, is Freed or Grounded. 

In Fir;. K, let BwDG be the receiving connections at either 

end of the cable, with the apex a freed, and B'D'O' the con'e- 




Fiu. K. — Dingiara of Impedaiii;i^s at ritlier receiving-end in dnplex oonDectiana, 
with the apen of tliB bridge disconnBcted in one caae and aonnected to groond 
iu the othpT. 

spending connections with the apex ft grounded. It is required 

to show that in either case the expre.-sion (Zj, + z^ \^ ^ ) 

has the sanae value, where z^ ia the surge-impedance, at the 
frequency selected, of both the real and artificial cables, z^ is 
the impedance of the receiving apparatus to ground as a whole, 

z^ is the impedance of the instrument branch, z^ the impedji 

ance shunting the instrument. 

Apex Freed. — With the apex free as at B«I)G, we have 



2h-\ 



-. + - 



ohms L (1) 



i^c + '^r)- 



^h+g^ 
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where h is the impedance of each arm in the bridge. Also 
^i= g and z^-=- 2h, Consequently — 

= // + ^o(2 + ^). ... „ . (4) 

Apex Grounded, — With the apex grounded, as at B'G'D'G', 
we have — ' 

hz 

Also — ^1 = ^ + ^ +";2 ... „ „ (6) 

and — ^o=h » (7) 



Hence — 

ohms /_ (10) 

- ^o( ^ + 9) + ^9 + ^^o / 1 n 

= g + z,(2+fj ,. „ a2) 
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To Demonstrate the Proposition of Formula (7), page 4, 



6 



* 



ds 

P 



hyperbolic radians. 



We assume the well-known proposition that the magnitude 
of a hyperbolic angle is twice the sectorial area swept out by 




A X 



Fig. L. — Diagram for the demonstration of the Theorem $ = / —• 



the describing radius- vector over a rectangular hyperbola of 
unit radius. 

In Fig. L, let the curve APB be a segment of a rectangular 
hyperbola whose radius OA is taken as unity. To a point P on 
the curve, whose cartesian co-ordinates are x and y, draw the 

radius-vector from the origin OP = /), making a circular angle 

250 



APPENDIX L 251 

P with the initial line and radius OA. Draw PT the tangent 
to the curve at P. Then the equation to the curve is — 

y'=^-i (1) 

Differentiating both sides — 

2ydy^2xdx (2) 

^=^=cot^ (3) 

ax y '^ ^ ^ 

If then we move the point P through a differential distance ds 
over the curve to P', and draw Vc and Pc parallel to the X 
and Y axes respectively, cP' = dx and Pc = dy, so that by (3) 
the angle cPF = YPT = j8. 

Join OP', and draw PQ perpendicular thereto, intersecting 
the same at p. Then the angle QPY = j8, because QP is per- 
pendicular to OP, and YP is perpendicular to OX. Therefore 
the angle QPP' ^ 2p. 

Dividing (1) by p^ we have — 

p^ p^ p" 

or — sin^ P = cos^ jS — g (^) 

i = cos2 /3 - sin^ /? (6) 

= cos2j8 (7) 

/. />'^= ^oz> (8) 

cos 2p ^ ^ 

Representing the differential angle POP' by dp — 

Fp = p ,dp (9) 

• ^, = e^^=cos2^ (10) 

°'-^y<8>- ^r'^ ^"^ 

ds 
and — -- = p^.dp (12) 
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But the differential area dk enclosed between OP, OP' and the 
element ds is — 

dA=^-'^^ (13) 

.-. -=2^A (14) 

P 

but if we denote the hyperbolic angle of PP' by dd — 

dd = 2dA (15) 

:, de=- (16) 

P 

Proceeding in this manner from an initial point s^ whose 
distance along the curve from A is s^ units up to a final point Sg 
whose distance along the curve from A is s^ units, we have — 

«2 



=/v OT 



e 

p 



and this hyperbolic angle must be equal to the arc length 
s=52— Sj divided by a certain integrated mean radius-vector 
p' or — 

= 4 (18) 

P 
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Co7)iparative Relations between T-Artificial Lines, U-Artijicial 
Lines, and their respective corresponding Smooth Lines, 

As has been pointed out in Chapter III, as well as in 
Appendix F, any symmetrical T ov 11 oi impedances can be 
replaced by its equivalent smooth line, of angle and surge 
impedance z^, so far as relates to external behaviour in the 
steady state. In other words, any symmetrical T or /7, in 
a system of conductors, may be removed and replaced by its 
equivalent smooth line of distributed series-impedance and 
shunt-admittance, without disturbing the steady state of the 
system at, and outside of, the terminals of the T or 11, In the 
continuous-current case, the equivalent smooth line is unique. 
There is only one "real" smooth line-angle 6, and only one 
corresponding " real " surge-impedance z^, which will satisfy the 
external relations of equivalence. In the alternating-current 
case, however, there is one " complex " or vector smooth line- 
angle 6 = Oj +^2? ^^^ ^^® " complex " or vector corresponding 
surge-impedance z^ which will satisfy these relations at any 
given frequency. Consequently, for the alternating-current 
case, a T or a, n calls for an infinite number of equivalent pairs 
of "complex" line-angles and surge impedances, as the 
frequency of steady-state operation is varied from to oc . 
When, therefore, we construct an artificial line of a series 
of similar Ts, or a series of similar /7s, and operate it by 
alternating currents of a single frequency, it becomes necessary 
to determine what is the corresponding smooth line which the 
artificial line simulates at that frequency. 

Fig. Ml shows a single ^-section, and also a pair of such 
T-sections connected through an ammeter A. Each T-section 
has a series impedance of r^ ohms, and a shunt admittance of 
ffi mhos applied at the middle of q\, 
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Fig, M2 similarly shows a single //-section, and also a pair of 1 
such 77-aectioiia connected through an ammeter A. Each f 
//■section has a series or architrave impedance of i\ ohms and a I 
shunt ailuiittancc of ^, mhos, divided into two et]iial pillar leats I 
of [/,/2 mhoa. 

An artificial line of four T-sections ; i.e. a T-Iine of four 1 




teil tliroHfill a 



sections, is indicated in Fig. M3; while a //-line of four sections J 
is correspondingly indicated in Fig. M4. It is evident that the! 
only difference between the lines of Figs. M3 and 4 lies in the-1 
conditions at the ends of the line. In each ease the total seriea I 
impedance is the same ; viz. 4-r^ ohms, and the total shunt I 
admittance is the same : i. e. ig^ mhos ; but in Fig. M3, the line J 



3. E Iff 



f 1 f 



Fic. M2. —Single n-Sectioti and pair of n-Sections coanoctad through 



terminates in semi-impedances r-J2 ; white in Fig. M4, the lineiJ 
terminates in semi-admittances g^j2. In other words, any I 
f-liue can be converted into a //-line of the same number of J 
sections, and reciprocally, by changing the end-sections only. 

If we compute the smooth lines corresponding to the! 
artificial lines of Figs. M3 and 4, by the methods of Chapter III,.f 
or Appendix F, we shall find that the line-angle 6 of each is the I 
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same; but that the surge-impedance ^^ differs. The surge 
impedance of the T'-Iine differs from the surge impedance of 
the /7-line, even in the continuous-current case. 

We proceed to develop the formulas which apply to such T- 
and /7-lines. These formulas may be readily deduced from the 




Fig. M3. — Artificial line of four T-Sections. 

fundamental relations already pointed out in Chapter III and 
Appendix F. 

To find the Line-angle of any artificial Line of a given 
number of similar T- or Il-sections. — The first step is to find the 
hjrperbolic angle u subtended by a half-section of the line. 

The angle of a section of a smooth line having r^ ohms of 




Fio. M4. — Artificial line of four n-Sectious. 

distributed series impedance and g^ mhos of distributed shunt 
admittance would be by (19), page 14 — 

^u=s/r^g^ hyps. ^ (1) 

Consequently the angle subtendeil by a half-section of such 
smooth line would be — 



11 



li 



'•i . 9i-'^ 9i 



2 



hyps. I (2) 
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But since an artificial liae has alternate lumps of impedance J 
and admittance, instead of uniformly distributed quantities, I 
the above formulas cannot correctly apply to either a section 1 
or half-section of artificial line. We can only use (2) in relation j 
to a half-section of a T- or /7-line by acknowledging the error 1 
due to lumpiness. For such a T- or TZ-line respectively, we 1 
may therefore rewrite (2) as follows^ — I 

u' = h" = ■■■ ^"l apjjarent hyps. /_ (3) I 

where the term " apparent " hyps, indicates the existence of the ] 
lumpiness error. In order to correct (8) for this error, we must 1 

apply to the left-hand side the correction-factor — — j— or I 

— -r, — - as the case may be, so that we have — I 

« I 

sinh w' ^ sinh u" ^ sinh u^ ^"^ hypa, £_ (4)1 

as the fundamental formula of a T- or /7-line. Expressing this 
proposition in language, we may say that either for a T-line or 
a /7-line, the sine of the hyperbolic angle n subtended by a 
half-section is equal to half the geometric mean of the sectional 
series impedance and shunt admittance, each of these being a 
complex quantity in the alter eating- current case, and depend- 
ing on the frequency. Knowing the hyperbolic sine of the 
semi-section angle u, we can readily find the angle )i by refer- 
ence to Tables of hyperbolic functions.* For continuous- 
sinh /)/! , tanh pjt 



' Tablea of ainli p/!, cosh p/!, tanli pjS, 



L5- and 



p/8 



c/a 



, between 



decimal iiluie?, or five significant digits, by steps of 01 i 
o = Oand p = 0-5,andb)-8tepitof Tin 8 between I = 60° and S = 90°, have 
been published by the author in the Froceedimjs of the Aiaerican /iwiihrfe 
of Eltctricat Engineiri. 1911, pp. 2481-2492, "Tablea of Hyperbolic 
Functions in Reference to Long Alternating-Current Transmipaion Linos." 
Theee Tables have been extended to p = 1 and) = 4S° to 90°, and published, 
in pamphlet form, by the author in the Haroard Engineering Journal, 
Harvard University, Cambridge, Mass. At the date of this writing 
(October 1913), these Tables have been carried to p = 3'0; while other 
tables of ainli, cosh, and tanh {x + jy) have been computed to either five 
significant figures, ot five decimal places, by steps of 0'05 in x and y, 
from a: = to a: = 4-0, and from y = to v = i . The complete set of 
Tablea is being printed by the Harvard University Press, and also an 
Atlas of 23 charts 45 cm, x 45 cm. for rapid graphic interpolation. 
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current lines, these would be Tables of real functions, and for 
alternating-current lines, they would be Tables of complex 
functions. 

The angle subtended by a single section of artificial line 
would then be 2u, and if the line contained n sections its total 
angle would be — 

e=.2nu = 2n sinh'^^^^^ '^A hyps. I (5) 

The next step is to find the apparent surge-impedance of the 
artificial line. By (27) page 16, we have for either a T-line or 
a /7-line — 

zj = z^'* = a/^ apparent ohms /, (6) 

Correcting for lumpiness, however, on a ^-line, as in (88) 
page 36 — 

z^ = z^' cosh u = cosh u a/^ . ohms /, (7) 

In the case* of a /7-line, the lumpiness correction, as in (98) 
page 37, is — 

Zq = zj' I cosh u = z^' sech u = sech u a/^ ohms l_ (8) 

The surge-impedance of the smooth line corresponding to an 
artificial line is thus obtained by multiplying the apparent 
surge-impedance by cosh u for a ^-line, and dividing by cosh u 
for a /7-line. 

Figs. M5, 6, and 7 represent the same 5-section jT- line as is 
shown in Figs. 17, 18, and 19 on page 39 ; but they also show 
the corresponding smooth-line. Here r^ = 500 ohms, gi = 025 

X 10"^ mho. Consequently, by (4), sinh w = — = 

0-176777; whence, by Tables, u^ 0*175868 hyp. The angle 
subtended by a section is thus 0351736 hyp. and the angle 
subtended by the whole line in Fig. 5 is 1*75868 hyps. Along 
the line, the position-angle is indicated in Fig. M5 at each 
junction-point. The potentials, currents, resistances and 

s 
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The total line resistance in the 



line be freed, or grounded, or in any intermediate state,-' 
provided that the proper terminal angle be applied to the 
distant end, for the impedance to ground thereat, in accordance 
with (55), 

Figs. M8, 9, and 10 represent the distributions of current, 
potential, resistance and conductance over a five-section 11- 
lineofthe same sectional series-resistance and shnnt-leakance 
as before, as well as on the equivalent smooth line. The line- 
angles in Figs. M8 and 10 correspond precisely to those of Figs. 
M.5 and 7. Owing, however, to the different surge-impedances 
of the two lines, the line-angles in Fig. M9 are not identical 
with those of Fig, MO. The surge-impedance of the line ia 

equivalent smooth line is thus Qz^ = 1392-6 X 1-75868 = 24.19 
ohms, and the total line leakance 0/3^ = T-'75868/1392-6 = 
1-263 X 10-' mho, as against 2525'7 ohma and 1-2246 X 10 
raho, in the equivalent smooth line with ^'-sections. 

The fall of potential on the /7-line, J'-line, and equivalent 
smooth lines is indicated graphically in Fig. Mil. Referring to 
the curves of "Line Free," the broken curve is 
catenary, or curve of hyperbolic cosines, corresponding to the 
fall of potential along either equivalent smooth line. The 
internally contacting series of chords represents the fall of 
potential along the /7-line, The externally contacting series 
of chorda represents the fall of potential along the r-line. 
These are respectively the internal and external string polygons 
contacting with the catenary in the theory of non-extensible 
weighted strings hanging between terminal supports, in the 
science of statics. 

The general relation between the electric conditions at a 
junction, or a mid-section, on a 2'-line, and at the corresponding, 
points on the equivalent smooth line, are indicated in Fig, M12. 
The lines are supposed to be voltaged at the sending end only, 
and to be either freed, grounded or in any intermediate 
condition, at the receiving eud. It will be seen that, at junctions, 
the potential, current, line-resistance, and line-conductance are 
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■U the mne oa tike T-tine aitd on the smooth line. At 
mid-aecticn, wbere tlte te>k appeals, the T-line potential is 
eqttal to the cocrespondiDg anootb line potential moltipiied bj 
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F:o. Mil.— Fall of PoUnlial along n-Line, T-Uiie, and Eiinh-alent Smooth 
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760 obma. 

ttecb u, while the mean of the currents in the line on each aide 
of the leak is equal to the current on the mid-section point of 
the Buigoth hoe multiplied by cosbw. In the alternating- 
current case, this mean value would be a vector mean value, 
instead of an arithmetical mean value. 
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The corresponding general relations between a /7-line and its 
equivalent smooth line, at section -junctions and mid-sections, 




Fig. M12. — Comparative relations of Potential, Current, Comluctance and 
Resistance along a T-Artificial Line and along its Equivalent Smooth 
Line. 
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Fig. M13. — Comparative relations of Potential, Current, Conductance and 
Resistance along a n- Artificial Line and along its Equivalent Smooth 
Line. 

are indicated in Fig. Ml 3. At junction -points, where the leaks 
occur, the potentials agree on both, and the currents, which should 
be measured theoretically between half-leaks as in Fig. M2 
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agree also, if we take the mean of the two ciirrents on t 
side of any leak. At any mid-section, the i7-line potential ia 
equal to the corresponding smooth-line potential multiplied by 
cosh u ; while the 77-line current is equal to the corresponding 
smooth-line current multiplied by sech u. The last relation ia 
important in the practical use of /7-lines ; because the currents 
along the line, at junction -points, have usually to be measured 
on one side, or the other, of any leak, which is equivalent to 
measuring them at the adjacent mid -section. 

The facts may be summed in regard to Figs. M12 and 13 for 
both T- and /7-lines, by saying that at either a junction-point, 
or at a mid-section, the power UI, in the line, is the same on 
the artificial line as on the equivalent smooth line, if the line- 
current I at a leak is interpreted as the mean of the line- 
currents on each side thereof. 

As an example of the preceding propositions applied to an 
alternating-current artificial line, let there be a line of 10 
sections, each consisting of a series resistance of 92'78 ohms, 
with an included inductance of 0"2241 henry, and with shunt 
leaks of 1-miorofarad pure condensers, having negligible losses 
of energy, the frequency of operation being/= 125'84 cycles 
per second, or ci>= 790'67 radians per second. Required the 
equivalent smooth line. 

Here r^= 92783 -FyO'2241 X 790-67 = 92-783 -|-yi77-18 

= 200 /G2°-3G ohms. 

and g^=jlQ-^ X 790-67= 7-9067 X 10^* [90° mho. 

nito.ni lenoqo lU /j\ 1. v'0-15813\152°-36 

Tj0^ = Q-15813 \152°-36, a nd by(4), sinh u~ . ^ 

= ?:!?!«i/2£2=0'19883/ 76-18 



By reference to Tables of sinh u already published, we find 
M = 0-2 /76°-0 hyp., and this is the angle of a half section. 
The angle subtended by the whole line at this frequency is 
therefore 4-0 /7C°-Q hyps. 
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The apparent surge-impedance is by (6) 

V2OO / 62^-36 / 7-9067 X IQ-'* | 90^ = V 25-2y x 10^X27^*64 

= 502-94 \13°'82 apparent ohms 

By (8), however, it becomes necessary to divide by cosh w, in 
order to correct for lumpiness, and by Tables already published, 
cosh u = cosh 0-2 / 76^'0 = 0-98242 / 0^-545 ; so that the surge- 
impedance of the equivalent smooth line at the frequency con- 
sidered is 502 94 \13°-82/ 0-98242 /0°-545= 511-94 \T4*'^65 
ohm& The total series-impedance in the equivalent smooth 
line is thus 4-0 / 76°-0 x 511*94 \ 14°-365 = 2047*8 / 61°-635 
ohms, as against 2000 / 62^*36 in the actual artificial line ; 
while the total shunt admittance in the equivalent smooth line 
is 4-0 / 76^-0 / 511-9 \ 14^365 = 7-8138 x lO-^ 1 90°-365 mho, 
as against 7*9067 X 10"^ 1 90° actually existing in the artificial 

line at the frequency considered. 

By means of an experimental artificial line comprising resist- 
ances only, in five sections, with either /7- or T-connection, and 
rj = 500 ohms ; g^ = 000025 mho, operated by a single storage 
cell, all of the distributions in Figs. M5 to 10 have been verified 
in the laboratory with a potentiometer. 

If the impressed emf. on the artificial line exceeds 2 volts, a 
potential multiplier leak has ordinarily to be employed with 
the potentiometer. This introduces a slight eiTor, which, how- 
ever, can be corrected for. See Bibliography 83. 
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Saiuticmx of the Fundamental Steady State Differential Hguations 
for any Uniform Line in terms of a single Hi/perbolic Function. 

It is shown in Appendix C that the fundamental differentia! 
equations for potential and current — page 217 (6) and (6) — 
have solutions which were given originally by Heaviside for 
the continuous-current case, hub which are also immediately 
applicable to alternating-cnrrent cases through the use of 
complex numbers. These solutions are presented on page 12 
(16) and (16) in the following form — 

Eji cosh Lja — Ia=o sinh L^o = e = Eg cosh L^o + IgZ^ sinh L^o 

volts L (1) 



amperes ^ (2) 

In each of these four equations, the potential or current is 
expressed in terms of two hyperbolic functions : namely, the 
cosine and the sine of one hyperbolic angle L^a or LjO, accord- 
ing as reference is made to the sending or receiving terminal 
conditions. But, just as in circular functions, we have the 
well-known relation^ — 
A cos ^ ± B sin /9= ^AM^B^ cos {p + tau-'(B/A)} 

numeric /_ (3) 
so it can be demonsirated that — 

A cosh e ± B sinh 9 = VA^* - B^ cosh [$ ± tanh-i(B/A)) 
numeric /_ (+) 
whatever may be the relative magnitudes of the constants 
A and B. It thus becomes possible to express the solutions 
(I) and (2) in terms of a single hyperbolic function, viz. a sine 
or a cosine, as may be the more convenient, of a single hyper- 
bolic angle. This form of the solution has especial interest; 
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not only in presenting clearly the fundamental conditions 
of the problem, but also in assisting the computer to find 
arithmetical solutions. 

In (1) and (2), let Lia= ^i hyps- /. 

Lja =0, „ „ 

and, in conformity with the notation of Figs. 13, 14, and M5 to 
MIO, let 01 + 0,= hyps. /. 

Also, the angle subtended by the terminal load of o- ohms /, 

at B is by (55), 0' = tanh -'f^\ . . . hyps. /. 

Moreover, the position-angle 5 of the point P, Figs. 10 and 
13, is— 

^ = 02 + 0' . . . . hyps. /, 
= (O + 0')-Oi . . „ „ 
Then, applying (4) to the left-hand equation of (1), and using 
(272) for expressing I^, we have — 

E 

e^Ej,coshe^---^^-^g--g-ryZ,smhe^ . volts ^ 

= E^icosh 01 - coth (0 + 0') . sinh 0^} . . 
= E^Vl - coth2(0 + 0') . cosh [01 - tanh-^ 

{coth (0 + 0')\] 



»i >» 



» » 



{tanh(0 + 0'±y^)}] . 



ti >t 



» » 



__„ sinh 3 _„ sinh d 

- ^^ " sinh (0 -f- 0') ~ ^^ sinh ., » l^j 

which agrees with (40), (60), and the results given in Appendix 
M. This means that along any section of uniform line, in the 
steady state, whether complete in itself, or forming a sectional 
part of a composite line, the potential at any position is directly 
proportional to the sine of the position-angle, and is equal to 
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ecSo^T^ 



the potential impressed at the generating end of the seel 
multiplied by the ratio of the sine of the position-angle to the 
sine of the total angle subtended by the section at the sending 
This rule applies whatever may be the load applied at 
the receiving end of the section. 

Similarly, considering the right-hand equation in (1), 



En 

= Eb cosh flj -I Zg sinh ( 

= Efi (cosh 02 + coth 6' ainl 
E^ sinh 



'.) 



- sinh (9 + ( 



. s/i — coth^fl' . cosh 
|e3 + tanh-'(coth 6')\ 



= E., 



-^.-7sinh(ej + fi 

. En """" " 



ainh {9 + 6') 

,?Ea 
sinh {9 + 

sinh d _ 

• which is the same formula as (o). That i 
same, whichever end of the section is started from. 

Considering the left-hand side of the equation (2) for current 
strength at the Point P— 




;, the result 



= Ia cosh 6 



E* 



sinh 6 



amperes £ 



Ea 



3„ tanh (e + 0') 



nd by (56) I^ 
3 that — 

i = li cosh (?i - 1.4 tanh {9 + 6') ainh flj . 
= lilcoah 9i - tanh (0 -f 0') sinh Oj} . . 
= Wl - tanh2(0 -I- 0') . cosh {6^ - (0 + 9')\ 
I 



= Ia 



,cosh {(0 + 9') - Qi\ 



= Ia 



ihd 



'fi I Jn'\ *B „„^u D 



coa)i (0 -1- fl 
cosh 6 

cosii{9~+~e~)~ 

which agrees with (11). That is, the current at any position 
P of a line, or compoaite-line-«ection, with any load at the 
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receiving end defined by the angle 0\ is proportional to the 
cosine of the position-angle, and is equal to the current 
entering at the sending end multiplied by the ratio of the 
cosine of the position-angle to the cosine of the angle subtended 
by the entire line up to the sending end. 

Similarly, considering the right-hand equation (2) — 

En 

i = I3 cosh 62 + ~~ sinh 63 ... amperes /. 



^o 



» 



» »» 



E 
But by (54) Eb = Ir o, and — = Ir tanh 0\ 

/. i = Ir cosh 02 + Ib ^^^ ^' • sinh Og • • amperes /. 
= lB(cosh 02 + tanh 6' . sinh O2) • • »» » 

"" -^^ coshTe + 0') (^^^^ ^2 + tanh 0' . sinh 0^^ „ 

= '^ • COSM0 + 0') • ^^ ' "^'^^ (^^ + ^') 

J cosh 3 J cosh d ,^^v 

"" ^'cosh (d + 0') ~ ^'coshT • • • " ^' ^^ 

This is the same result as in (7). 

We may thus conclude that formulas (40), (41) and (42), 
page 21, are fundamental, while (37), (38) and (39) are sub- 
sidiary thereto. In other words, the receiving end of a line 
may always be conceived of as connected to ground, or to zero 
potential, through some load a, possessing a terminal angle 0'. 
If the line is directly grounded, a = 0, and 0' = 0. If the line 

is freed, a=oc, and 0'=j-^. Whatever intermediate con- 

dition may exist at B, the potential and current, there delivered, 
jointly determine an apparent load impedance o ohms /.,and 
a corresponding apparent terminal angle 0' = tanh"^ (^/^o) 
hyps. /_, which must be added to the line angles flg and 0, in 
order to assign the corrected position angle d, and total angle 
{6 + 6') subtended at A, as indicated by the results of 
Appendix M. 



LIST OF SYMBOLS EMPLOYED AND 
THEIR BRIEF DEFINITIONS 



A . 
A, a . 
A, Aj. Ag 

a 

a, a' . 

a 

a.-r. . 
a 

a 

a. 



a 



ti 



ap a^ 



ttp a^, tty 



a , a p (t o . 



Area of a hyperbolic sector (cm.-). 

Fourier-series constants (volts). 

Moduli of complex numbers (cm. or length 

units). 
In diagrams, an abbreviation for current- 

strength in amperes Z. 
Torque constants of receiving instruments 

(dyne ± cm. per ampere). 
Silence-interval in Kelvin theory of submarine 

cables (seconds). 

An abbreviation for alternating-current. 

A constant in the hyp. theory of continued 

fractions (numeric /. ). 
Attenuation-constant of a line (hyps, per 

wire-km.). 
Attenuation-constant of one line of a loop 

circuit (hyps, per wire-km. /, ). 
Attenuation-constant of a loop line (hyps, per 

loop-km. /.). 
Real and imaginary components respectively 

of an attenuation-constant (hjrps. per 

wire-km.). 

In hyp. theory of composite lines, the attenua- 
tion-constants of successive sections (hyps, 
per wire-km. /_ ). 

Attenuation-constant and its components for 

a loaded line including lumpiness efifects 

(hyps, per wire-km. /_). 
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a f a ^, a\ . Attenuation-coiistaiit and its components for 

a smoothed loaded line (liyp. per wire- 
km. /,). 

B, 6 . . . Fourier-series constants (volts). 

6 . . .A constant in the hyp. theory of continued 

fractions (numeric l_ ). 
Also in the theory of loaded lines, the ratio 
r"lr (numeric). 

A ?v Pi • Circular angles (radians or degrees). 

C, c . . . Fourier-series constants (volts). 

C . . . Total capacitance of a line (farads). 
c.c, . . An abbreviation for continuous current, 

c . . . Linear capacitance of a line (farads per 

wire-km.). 

c^ . . . Linear capacitance of one line of a loop 

(farads per wire-km.). 

c^^ ' . . Linear capacitance of a loop-line (farads per 

loop- km.). 

c' . . . Linear capacitance of one line of a loop 

(farads per wire-mile). 

c" . . Linear capacitance of a loop-line (farads per 

loop-mile). 
r . . . Admittance of a leak load (mhos /.). 
y = r/2 . . Admittance of a semi-leak load (mhos /. ). 

y . . . Also the power-factor circular angle at the 

sending end of a transmission-line (degrees 
or radians. 

D, rf . . . Fourier-series constants (volts). 

jD . . . Distance between the axes of two parallel 

eccentric cylinders (cm.). 

rf . . . Distance between a plane and the axis of a 

parallel cylinder (cm.). Also a constant 
in the hyp. theory of continued fractions 
(numeric /_ ). Also sign of dififerentiation. 



T 2 
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■ 


. Distances between ao infeired plane aa^Gtt 


^M 


aie« of eccentric t^iindei? (cm.). 


H A = 0| - 0, 




H 


ders (cm.). 


1 AaK^ 


Hyperbolic angles of junctions of a series- 


^1 


load, and of a selected point on a line 


K 


(hyps.). 


■ 


Fourier-sieries constants (volts). 


■ E . . 


. E.M.F. (volts Z.). 


■ E,, Eb, Er 


E.M.F. at the sending end, receiving end, and 


H 


intermediate pointofa line (r.m.s. volts/,). 


B E's, Ev . 


K.M.F.atalcak of an artificial line, and at the 


■ 


corresponding point of the equivalent uni- 


H 


form line(r.m.9. volts /_). 


■ P.„. K, 


E.M.F. impressed on a pair of looped lines, 


H 


and on either component single line (r.m.a. 


H 


volte I ). 


H E,„. E,„A ■ 


Maximum cyclic e.m f. at alternator terminals, 


H 


and at sending terminal of a. siibmarinn 


H 


cable (max. cy. volts I). 


H ^0 


. In oscillating-current theory, the initial value 


1 


of a vector e.m.f. of self-induction (volte /. ). 


^ft 


Instantaneous value of an e.m.f. (volts / ). 


^H 


Also the value of e.m.f. at an intermediate 


H 


point on a line (volts /. ). 


■ E = S-7\(i-2H 


. (numeric}. 


■ 


. An abbreviation for electromotive force. 


■ F . . 


. Magneto-mechanical force, or torque developed 


H 


in a receiving instrument (dynes or dyne 


H 


X cm.). 


1 F„ ( ) . 


. Expression for an alternate or constant con- 


^B 


tinued fraction of ii stages. 


1 


. Frequency of an alternating-current or e.m.f. 


^M 


(cycles / sec.). 


^f /' = g/" 


. Frequency of dot-signalling on a submarine 


1 


cable (dot-cycles / sec). 
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f . . . Frequency of reversal-signalling on a sub- 
marine cable (reversal-cycles / sec.). 

/j . Limiting maximum frequency of alternation 

on a submarine cable (cycles per sec.). 
G . . . Total dielectric leakance of a line (mhos /, ). 

G^A • • Admittance of a line at sending end when 

grounded at receiving end (mhos /, ). 

G/p . Admittance at and beyond a point on an 

artificial line, free at far end (mhos /. ). 

G/p . . Admittance at and including a leak on an 

artificial line, free at far end (mhos L, )• 

g , . , Linear leakance of a line (mlios per wire- 

km. /.). Also, impedance of a receiving 
instrument in submarine cable duplex 
theory (ohms /, ). 

g\ ' ' ' Admittance of the leak in an artificial-line 

section (mhos /, ). 

g, ' ' ' Linear leakance of one of a pair of looped 

lines (mhos per wire-km. l_ ). 

^ . . . Linear leakance of one of a pair of looped 

lines (mhos per wire-mile l_ ). 

g,f * . Linear leakance of a loop-line (mhos per 

loop-km. /,). 

Also the admittance o( r 11 pillar after 
adding a leak load (mhos /_ ). 

y . Linear leakance of a loop-line (mhos per loop- 

mile /.). 

g' . . . Admittance of the leak in the staff of a T 

(mhos /.). 

g" . . Admittance of the leak in the pillar of a 11 

(mhos /_). Also in the theory of loaded 
lines, the total linear leakance of a 
smoothed loaded line (mhos per w ire-km.). 

g^ , , , Apparent linear leakance of a line, uncorrected 

for line resistance (mhos per km. /, ). 
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hyp. . 



r 

4/ 



(f . 



(I 



0" . 



0„ 0, 
0,. 0,, 0, 
0. . 



0',. o\ 



mA 



, I ml) • 



„ 1... I 



p • 






Impedance of a duplex telegraph bridge 
arm (ohms /.). 

An abbreviation for hjrperbolic radian 

(numeric /_). 
Hyperbolic angle of a line, or section (hjrps. /_ ). 

Auxiliary hyperbolic angle of an appended 
impedance or line section (hyps. /_ ). 

Hyperbolic angle of a line-section after being 
loaded (hyps. /_ ). 

Hyperbolic angle of a looped line (hj^s. /_). 
Hyperbolic angle of a loaded and smoothed 
line-section (hyps. /. ). 

Real and imaginary components of a hyper- 
bolic angle (hyps.). 

In hyp. theory of composite lines, hyp. angles 
of successive sections (hyps. /. ). 

Limiting hyperbolic angle subtended by a 
submarine cable at maximum working 
speed (hyps.). 

Values of 0^ lor dot-signalling and reversal- 
signalling respectively (hyps.). 

Maximum cyclic current-strengths at sending 
and receiving ends of line (amperes /. ). 

Current-strengths at sending end, and 
receiving end, and assigned point of a line 
(r.m.s. amperes /, ). 

Condenser currents at sending and receiving 
ends of a line 11 (r,m.s. amperes /,). 

Current -strength at sending end of line with 
fjir end free (r.m.s. amperes /_ ). 

Curivut -strength at sending end of line with 
fiu* end gn.>unded (r.m.s. amperes /^\ 

lnstauiaiK\>us value of an alternating current 
.amjvres ^\ AIs^> the current-strength 
at an intermediate point on a liue 



LIST OF SYMBOLS 279 

Iq . . .In oscillating-current theory, the initial value 

of the vector discharging current (am- 
peres l_), 

j = V — 1 . The quadrantal operator (quadrantal versor). 

A^, . . . Correcting factor for reducing a nominal T 

stafif to an equivalent T staff (numeric /. ). 

kg^^ . . Correcting factor for reducing a nominal 11 

pillar to an equivalent //pillar (numeric /. ). 

ks, , . Correcting factor for correcting the line angle 

pertaining to a 7 ^^numeric /_ ). 

ks^^ . . . Correcting factor for correcting the line angle 

pertaim'ng to a // (numeric /,). 

kr^' . . Correcting factor for correcting the surge- 

impedance to a r (numeric £ ). 

Ar." . . Correcting factor for correcting the surge- 

impedance to a // (numeric /.). 

kp.. Correcting factor for reducing a nominal T 

arm to an equivalent T arm (numeric /. ). 

Ap . . . Correcting factor for reducing a nominal 

n architrave to an equivalent // architrave 
(numeric /,). 

Al . . . Normal attenuation-factor of a line of L km. 

(numeric/.). 

km. . . . An abbreviation for kilometer. 

L . . . Length of a line or section (km.). 

L' . . . Length of a section of loaded line, or distance 

between loads (km.). 

L^, Lg . . Distances along a line as measured from send- 
ing and receiving ends respectively (km.). 

Lj, Lg, L3 . . In the theory of composite lines, lengths of 

successive sections (km.). 

L, . . . Length of line in which the normal attenua- 
tion factor is l/e (km.). 

L| . . . Length of line in which the normal attenua- 
tion factor is 1/2 (km.). 



r 

X 
X" 

I- 



N" 
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Linear inductance of a line (henrys per 

wire-kni.). 
Linear inductance of one line of a loop 

(h?niys per wire-km.). 
Linear inductance of one line of a loop 

(henrjs per wire- mile). 
Linear inductance of a loop line (henrys per 

loop- km.). 
Extra linear inductance in the smoothed loads 

of a line (henrys per wire-km.). 
Wave-length on a line (km.). 
Wave-length on a loaded smoothed line (km.). 
Wave-length on a loaded line including 

lumpiness effects (km.). 
Transmission coefficient of a current wave at 

a pointofdiscontinuity(uumeric /_). Also 

a numerical constant in the hyp. theory 

of continued fractions (numeric /_). 
An abbreviation for microfarad. 
Number of load coils encountered by an 

advancing wave per second on a single 

loaded smoothed line (numeric / sec). 
Number of load coils encountered by an 

advancing wave per second on a single 

loaded line, including lumpiness effects 

(numeric / sec). 
In the theory of artificial lines, the number 

of a leak counting from the far end of an 

artificial line (numeric). 
Number of letters per second in maximum 

working speed uf a submarine cable 

(numeric / sec). 
Also in the hyp. theory of continued fractions, 

the number of stages of such a fraction 

jMso in the theory of complex numbers and 
oftheFerranti-effect,anyinteger(nuraeric). 
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n 



1 



n 



n 



ff 



Pa,Pb 

P/A, PyB 
PibA, PifcB 
V • 

n . 

:;r= 314159 
R . 

Ra, Rp 



R 



g 



R r . 



Number of turns in a receiving-instrument 
winding (numeric). 

Number of load coils per smoothed wave- 
length of a loaded line (numeric / km.). 

Number of load coils per wave-length of a 
loaded line, including lumpiness efifects 
(numeric / km.). 

Ratio of transformation of a transformer 
(numeric). 

Hyperbolic angle of a point on a line 
measured from sending end (hyps. /. ). 

Alternating-current power, to sending, and at 
receiving, end of line (watts [__ ). 

Effective components of Pa and Pb respec- 
tively (watts). 

Reactive components of Pa and Pb respec- 
tively (y watts). 

A real exponent between and 2 (numeric). 
A delta connection of three impedances 
externally equivalent to a line (ohms /_ ). 

(numeric). 

Total conductor resistance of a line (ohms /, ). 

Resistance of a line at its sending end, and 
at a selected point (ohms /. ). 

Resistance of a line at A or B when free at 
far end (ohms l_ ). 

Resistance of a line when free at far end 
(ohms l_ ). 

Resistance of a line when grounded at far end! 
(ohms /_ ). 

Resistance of a line at A or B when grounded 
at far end (ohms /_ ). 

Resistance between receiving end of a line 
and ground (ohms /_). 

Additional resistance inserted in receiving- 
end circuit of a submarine cable (ohms /_ \ 
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Resistance ofi'ered by a line when grounded 

through apparatus at far end (ohms l_). 
Hesistance a^ and beyond a point on an arti- 
ficial liue free at far end (ohms l_ ). 
Hesistauce at and including a point on ac 

artificial line free at far end (whms /_). 
Receiving-end resistance of a line (ohms /_ ). 
Resistance in the staff of a T (ohma /_ ). 
Resistance in the pillar of a /? (obma /_). 
Linear resistance of a line (ohms per wire- 

km,). 
Apparent linear resistance of a line, uncor- 
rected for leakance (ohms per wire-km. l_ ). 
Linear resistance of single line in a loop 

(ohniM per wire-km, [_). 
In hyp. artificial-line theory, the resistance 

of a conductor section of artificial line 

(ohms /_). 
Li the theory of loaded lines, the extra linear 

conductor-resistance due to the load coils 
jothed (ohms per wire-km.). 
Linear resistance of loop line (ohms per 

loop-km. /_). 
Surge -resistance of a lino (ohms l_ ). 
Surge-resistance of one wire of a loop(ohm8/^ ). 
Surge-resistance of a loop-line (ohms /_). 
Apparent surge- resistance of a T (ohms l_ ). 
Apparent surge-resistance of a 77 (ohms l_ ). 
Abbreviation of niot-mean-squBre, 
Radius-vector to a point on a curve (cm.). 
Also Resistance in each arm of a nominal T, 

or in architrave of nominal 11 (ohms /_). 
Resistance in each arm of a 7" (ohms /_ ). 
Also, in the theory of hyperbolic angles, the 

integrated mean value of a radius-vector 

(cm.). 
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p 
p 



// 



s . 



Ziy 



2. . 



a = 1/2 



// 



T . 



t 

r = CR 



U. . 



Resistance in architrave of a 77 (ohms /_ ). 

In oscillating-current theory, half the resist- 
ance of the circuit (ohms). 

Also in plane-cylinder theory, the resistivity 
of the environing medium (absohm-cm.). 

A Fourier-series, equivalent to an impressed 
rectangular e.m.f. (volts /_ ). 

Distances measured along a curve (cm.). 

Resistance, in one line, of a regular series line- 
load (ohms /. ). 

In plane-cylinder theory, the sum of the radii 
of two parallel eccentric cylinders (cm.). 

Sum of the three admittances of a triple star 

(mhos /_ ). 
Sum of the three impedances of a delta 

(ohms /_ ). 

Resistance inserted between line and ground 
at receiving end of line (ohms /_ ). 

In theory of loaded lines, half of the resistance 
of a regular load inserted in each line 
(ohms /_). 

Resistance inserted between line and ground 
in each wire of a loop (ohms /. ). 

Resistance inserted between the receiving 
ends of a loop-line (ohms /. ). 

In plane-cylinder theory, the radius of a 
cylinder (cm.). 

A triple star, or Y, connection of three im- 
pedances, externally equivalent to a line 
(ohms /_). 

Time elapsed since a certain epoch (seconds). 

Time-constant of a submarine cable (seconds 
or farad-ohms). 

In oscillating-curreut theory, the initial value 
of a vector discharging e.m.f. (volts /_ ). 



Y . 
Ya, Yb 



a. 


= 1/--. . 


i 


= I/f" 


9 


= g+Jem 
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Potential at sending end and at a seleoEe 

point on a line (volts /_ ). 
Auxiliary hyperbolic angles in theory of 

artificial lines and continued fractions 

hyps. I ). 
Real and imaginary components of a complex 

number (numeric). 
Cartesian co-ordinatesofapointinaplane (cm.). 
In diagrams, an abbreviation for potential 

in volts l_ . 
Velocity of propagation of waves on a line 

(km/sec.). 
Velocity of propagation of waves on a 

smoothed loaded line (km/sec). 
Velocity of propagation of loaded line, in- 
cluding lumpiness effects (km/sec). 
Total reactance of a line-wire (j'-ohms). 
Distance from the sending end of a line (km.). 
Also the linear reactance of a line (^'-ohms/km.). 
Also the inductive reactance in an oscillating- 

current circuit (ohms). 
Cartesian co-ordinates of a point in a 

plane (cm.). 
Total admittance of a line (mhos /_). 
Admittance of semi-line condensers at ends 

of a 77 (mhos I). 
Admittances of the branches of a star 

(mhosZ). 
In composite-line theory, the surge-admit- 
tances of successive sections (mhos /_ ). 
Also admittances of the sides of a delta 

(mhos /_). 
Surge-admittance of a line per wire (mhos /. ), 
Admittanceof the architrave of a 77 (mhos /_). 
Linear admittance ()f a conductor (inhoa per 

km. I). 
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Z 

Zc . 



z = r +jc(o 






// 



^2 

^1> ^2* ^3 



Zs 



Total impedance of a line-wire (ohms /. ). 

Impedance of a half-line condenser in a 77 
(ohms /. ). 

Receiving-end impedance of a line (ohms /. ). 

Receiving-end impedance of a line corrected 
for the shunting of the receiving instru- 
ment (ohms /. ). 

In oscillating-current theory, the surge-impe- 
dance of the circuit, ^l/c, in the absence 
of resistance (ohms). 

Linear impedance of a conductor (ohms per 
km. /,). 

Surge-impedance of a line- wire (ohms /, ). 
Surge-impedance of a looped line (ohms /.). 

Surge-impedance of a line-wire with no dissi- 
pation (ohms). 

Apparent surge-resistance of a T-section 
artificial line (ohms £ ). 

Apparent surge-resistance of a //-section 
artificial line (ohms /. ). 

Impedance of a receiving instrument when 
shunted (ohms /. ). 

Impedance of the shunt to a receiving instru- 
ment (ohms /_ ). 

Impedances of the branches of a star (ohms /_ ). 

In composite-line theory, the surge-impe- 
dances of successive line-sections (ohms /, ). 

Also impedances in the three branches of a 
delta (ohms /_ ). 

Impedance of receiving apparatus to ground 

(ohms /.). 

Impedance in the sending-circuit of a line 
(ohms /,). 
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D . , . Hjrperbolic angular velocity in an ultra- 
periodic circuit (hyps. / sec). 

(o = 27tf . . Angular velocity of an alternating e.m.f. or 

current (radians / sec). 
Alsoj in diagrams, a sign for ohms /_. 

co\ co" . . Angular velocities of dot- and reversal-fre- 
quencies impressed on a long submarine 
cable (radians / sec). 

ft>o . . Limiting maximum angular velocity impressed 

on a submarine cable (radians / sec). 

(0 , . .In diagrams, a sign for mhos /. . 

^ . . . " Approximately equals.'* 

/_ , . . Sign of an angle, to indicate the existence of 

a vector or complex quantity, either actually 
or potentially. 

<|; . . . •' Is not less than." 

0-5" . . .0-5 inch. 

^ . . . Cycles per second. 
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